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Abstract 

We study the problem of realising modular invariants by braided subfactors and 
the related problem of classifying nimreps. We develop the fusion rule structure of 
these modular invariants. This structure is useful tool in the analysis of modular data 
from quantum double subfactors, particularly those of the double of cyclic groups, the 
symmetric group on 3 letters and the double of the subfactors with principal graph the 
extended Dynkin diagram D^^\ In particular for the double of 53, 14 of the 48 modular 
modular invariants are nimless, and only 28 of the remaining 34 nimble invariants can 
be realised by subfactors. 
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1 Introduction 

A prominent problem in rational conformal field theory (RCFT) is the classification of mod- 
ular invariant partition functions Z{t)=^ '^a,^Xa(t")x^(''") where XA(''")=Tr//^(e^'^*'^(^°~'^/^^)) 
is the trace in the irreducible representation A of the chiral algebra, with conformal Hamil- 
tonian Lq, Im(r) > and c is the central charge. This problem has been solved only for a 
few models, although its mathematical formulation is very simple in terms of the following 
modular data. For a given finite-dimensional representation of the modular group SL(2, Z), 
let S = [S\^^j\ and T = [T^,^] denote the matrices representing the (images) of the genera- 
tors ('}~o^) and (q j^) , respectively. We further suppose that T is diagonal, S is symmetric, 
5^ a permutation matrix and 5'a,o > 5*0,0 > where "0" is a distinguished primary field. 
Then a coupling matrix Z that commutes with S and T subject to the constraints 

^A,/x = 0,1,2,3, ... and Zoo = 1 

is called a modular invariant. These constraints reflect the physical background of the 
problem. The condition Zoo = 1 reflects the uniqueness of the vacuum and will be relaxed 
in this work. Related to this problem is the classification of non-negative integer matrix 
representations (nimrep [HI Page 735]) of the original fusion rules. It arose in two a priori 
unrelated contexts: by Cardy on boundary RCFT and di Francesco-Zuber j24j in an 
attempt to generalize the ADE Coxeter graphs pattern. Lately, it has been further revived 
by Ocneanu HSIj Feng Xu [HJ, Bockenhauer and Evans ^1211511111210, Bockenhauer, Evans 
and Kawahigashi |Z1 IHl Ej and Evans ^3 ^] • The set of modular invariants for a given 
modular data is finite [261 [SI and has also been of intense study by Cappelli et al. ^Uj and 
Gannon [23| for WZW models. The modular invariants are the torus partition functions 
(one loop partition function of a closed string) and the cylinder partition functions (one 
loop partition function of an open string) are the nimreps of the underlying RCFT. These 
two partition functions should be compatible We can find modular data in a wide 

variety of contexts. In the sequel, we will mainly be concerned with the ones arising from 
quantum doubles of finite groups G or those from the Wess-Zumino-Witten (WZW) models 
for compact Lie groups G at arbitrary levels jSH]- For a fixed finite group G, the primary 
fields are given by pairs (o, x) where a are representatives of conjugacy classes of G and 
X are the characters of the irreducible representations of the centraliser CG{a) of a G G. 
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Then the matrices ^1] 



^('^'^^'^-'^'^ = \CG{a)\\Co{a')\ ^ ^i9-'^9)x{9a'g-'), 

geG{a,a') 

T{a,x),i<^',X') = ^a,a'Sy^,x'X{a')/x{e) (1) 

where G{a,a') = {g £ G\aga'g^^ = ga'g~^a} and e denotes the identity of G form the 
modular data of the quantum double (subfactor). This modular data can be twisted for 
every [A:] € H^{G,S^) and the subfactor interpretation of this data is in j^J. The 
parameter k is regarded as the level in this setting Jl]. Then the quantum double of G at 
level is precisely the model in Eq. In the WZW setting (or loop group setting), the 
matrices S and T are the Kac-Peterson matrices constructed from the representation theory 
of unitary integrable highest weights modules over affine Lie algebras or in an exponentiated 
form from the positive energy representations of loop groups [511 • It has been observed Jl] 
that the number of modular invariants of both the twisted group and the WZW data are 
small, but usually dwarfed by the swarm of modular invariants of the (untwisted) group 
models (cf. the 48 modular invariants for the G = with the 9 for the twisted ones). 

In the framework of braided subfactors we consider a finite system of endomorphisms 
N^N of a type III factor with a (non-degenerate) braiding on it, which leads to a Verlinde 
fusion rule algebra and produce the modular data S and T [71 Sources of modular data 
from braided subfactors arise from the WZW models and Ocneanu asymptotic subfactor 
which is regarded as the subfactor analogue of Drinfel'd quantum double construction. This 
quantum double subfactor is basically the same as the Longo-Rehren inclusion |3J and is 
a way of yielding braided systems from not necessarily commutative systems. The S- and 
T- matrices for the WZW subfactor models have been constructed by A. Wassermann |59j 
proving that they indeed coincide with the Kac-Peterson S and T matrices. The modular 
data from a quantum double subfactor was first established by Ocneanu jl9l Section 12.6] 
using topological insight, later by Izumi [HJ with an algebraic flavour (see also [551135]). 

Fixing a braided system of endomorphisms on a type III factor A^, we look for inclusions 
L : N ^ M such that its dual canonical endomorphism 6 = ll decomposes as a sum of 
endomorphisms from n^n- To produce a modular invariant from such an inclusion, we 
first employ Longo-Rehren -induction method 11^ of extending endomorphisms of N to 
those in M and then compute the dimensions of the intertwiner spaces := (a^,a^). 
The matrix Z^^m = [Zx,^] thus constructed from a braided inclusion C M is a modular 
invariant [71 118j. see also Sect. [HI or Theorem 13.61 A modular invariant Zn(^m encodes 
the rich structure of the inclusion N C M. The induced systems, which may well be 
non-commutative and hence not braided, encode the quantum symmetries of the physical 
situation we started with. Given the list of all modular invariants of a S- and T-model 
it is an interesting problem to determine which can be produced by braided inclusions 
through a-induction. This is in general a difficult task and in turn related to the problem 
of classification of subfactors. The present work features the several known constraints a 
modular invariant has to fulfill in order to be produced by an inclusion as well as new ones 
arising from the fusion rule structure of those realised by subfactors. 

In the course of previous work [21 1171 l2Uj , it was observed that modular invariants satisfy 
remarkable fusion rules. If the sufferable modular invariants {Za;a} which can be realised 
by subfactors span the commutant {S, T} of the modular representation, then are certainly 
decompositions Z^Zft = T,cinab'^Zc where the ruab'^ are some complex coefficents. Certainly 
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the product ZaZ\, commutes with S and T and so is a modular invariant with non-negative 
integer entries but may not be normahsed. It is therefore intriguing to ask whether any non- 
normahsed modular invariant can be decomposed in this way with non-negative coefficients, 
in particular such products ZaZ\j. It is in fact more natural to consider 

ZaZ\ = TicTLah^Zc (2) 

where t is the transpose. Such decompositions were noted by one of us in the context 
of SU (2) modular invariants [S] particularly at level 16. When C M is a braided 
subfactor realising a modular invariant Z, then the induced M-M system has ^ 
irreducible sectors, whilst the N-M system has Zx x irreducible sectors yielding the 
Cappelli-Itzykson-Zuber (CIZ) graph and corresponding nimrep in the case of SU (2) [Hj. In 
the case of Z = Ze , the modular invariant associated to the Dynkin diagram Ej, the M-M 
system thus has 17 sectors which naturally decomposes into two induced N-N orbits, on Dig 
and E7 graphs, 17 = 10-1-7. This was the original motivation in to write the numerical 
count ^_)^ ^ Z| ^ as TrZZ^, the trace of a modular invariant, since the full system M'^m for 
Z = Ze now breaks up as Tr^i,= Ea,^ = 17 = 10 + 7 = T\'ZDio+TrZE,. Remarkably 
not only is this numerical trace computation consistent but the matrices themselves satisfy 
Z-^^ = Zdio -|- Ze^. This lead us to consider the role of these modular invariant fusion 
rules and the role of the matrix ZZ* which is nonnormalised modular invariant and to 
understand the full graph of Z as the CIZ graph for ZZ*. These ideas were used as a 
powerful tool in understanding the full M-M graph in terms of the A'^-A^ orbits in many 
examples - see e.g. Section 6]. In jl7j . this analysis was taken further and in particular 
the programme to analyse and understand these fusion rules of modular invariants and the 
Ma-Mf, system in terms of the decomposition of the modular invariant Z^Z^ into normalised 
modular invariants was pushed further. Here we complete this programme. One of the tools 
we use is adopted from the work of [471 121j in the setting of Frobenius algebras which in 
turn had adapted the work on a-induction ^ El El IS El 13 IHl and used it as a tool in a 
braided tensor category framework. The braided Frobenius algebra product of |17] in the 
factor inclusion context allows us to construct inclusions whose canonical endomorhpisms 
are the products of individual canonical endomorphisms. Then the central decomposition of 
the associated von Neumann algebra inclusion into subfactors yields the fusion rule algebra 
structure Theorem 13.61 

We note that it is known for sometime that some reasonable looking partition functions 
are nevertheless unphysical because they cannot appear in any consistent RCFT. With the 
braided inclusion approach we have an efficient machine to see if a given partition function 
is in fact physical. There is considerable evidence that the sufferable modular invariants 
are precisely those of physical interest. In the setting of algebraic quantum field theory |S, 
if the given factor N extends to a quantum field theoretical net of factors {N{I)} indexed 
by proper intervals / C M and the system n^n is obtained as restricting DHR-morphisms, 
then a braided subfactor N G M will provide two local nets of subfactors {N{I) C M±{I)} 
which provide a rigorous formulation of the left and right maximal extensions of the chiral 
algebra. Indeed Rehren has shown |nH| with chiral observables as light-cone nets built in 
an observable net over 2D Minkowski space that any braided extension N C M determines 
an entire local 2D conformal field theory over Minkowski space. The vacuum Hilbert space 
of the 2D net decomposes upon restriction to the tensor product of the left and right chiral 
observables precisely according to the matrix Z arising from N C M through a-induction. 
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In the algebraic quantum field theory framework, a-induction plays a critical role in taking 
localised DHR endorphisms to solitonic ones but the the neutral system j^^X^j however 
corresponds to proper DHR endomorphisms. Braided subfactors provide consistent unitary 
6j-symbols or Frobenius *-algebras in braided tensor categories which provide the data for 
computation of correlation functions |5Ul Section 5.3], The 6j-symbol or connection 

approach and bimodules is more amenable to the type II setting and statistical mechanical 
framework whilst the Frobenius *-algebras or Q-systems and sectors are more amenable to 
the type III setting and conformal field theory framework as explained in [^. The N-M 
sectors (which is the CIZ graph in the SU{2) setting) describes the boundary conditions, 
whilst the full system of M-M sectors describe the defect lines. 

In this work we start the analysis of modular invariants from the modular data arising 
from quantum double subfactors. For that we study further the structure of fusion rules of 
modular invariants [HI I17| I2H 120) . The first obvious case is the quantum double of the finite 
group subfactor Mq C Mq x G, where the finite group G acts outerly on a type III factor 
Mq identified by Ocneanu and later by Izumi (see to be the group-subgroup subfactor 
iV = Afo X A(G) C Mo X (G X G) = M where A(G) = {{g, g) : g £ G} denotes the diagonal 
subgroup of G X G. The case G = Z2 was studied by Bockenhauer-Evans [3] (in the context 
of the 50(16n) WZW level 1 models). Here we consider the next models G = Z3 and 53 
the cyclic group of order 3 and the symmetric group on 3 elements. Some obvious analogues 
in from the previously studied models (most notably the SU (2) WZW level k model 
by Bockenhauer, Evans and Kawahigashi and Ocneanu |45j where all the normalised 
modular invariants are indeed produced by subfactors) are no longer true (E,emark l6.18j) . It 
has been announced by Ocneanu HH] that all SU (3) WZW modular invariants are produced 
by subfactors. An outline of the history of WZW modular invariants is in ^H]- The quantum 
5*3 double model has 48 modular invariants. The list of 32 modular invariants announced 
in ^3] is not complete, we found the complete list with 16 other invariants. This extended 
list has been confirmed to us by T. Gannon |2H]- The quantum S3 double model shows a 
rich and complex structure. In order to have a thorough study of this model we were led to 
consider products of modular invariants I17| I21j and in fact showing that the product of 
dual canonical endomorphisms are still canonical endomorphisms in the setting of braided 
systems whose modular invariant is the matricial product (Sect.|3|. Using module category 
theory, Ostrik j48j has computed the possible Tr(Z) and Tr(ZZ*) for the list of modular 
invariants Z from the quantum 5*3 double model which arise from module categories of the 
modular category, all labelled {K, ip) for K subgroups of 5*3 x S^, and il) are elements of 
the 2-cohomology group H'^{K, S^). With our approach we found module categories (of 
the M^N system) giving rise to Tr(Z) = 4 which were missing in |1S] since the modular 
invariants realised by subfactors must form a fusion rule algebra (see Theorem 13. 6|) . Indeed 
there are two subgroups (conjugacy classes) of 5*3 x S3 producing trace 4 matrices. 

This paper is organized as follows. In Sect.|2lwe review some mathematical tools, see 
e.g. [Zj, necessary in the sequel. It contains some elements of the nimrep theory following 
j27j and on the subfactor side the paper |S1 and its generalizations. In this section we also 
propose some terminology for modular invariants as in Sect. 12.21 In Sect. 01 we provide the 
fusion rule decomposition of modular invariants using the central decomposition of braided 
inclusions. In Sect. ^ the relation between the subgroups of a finite group G and the 
intermediate subfactors = Mq x A{G) C Mq x {G x G) = M is clarified. In Sect. [3 
we prove that all the 8 quantum Z3 double modular invariants are realised by subfactors. 
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Sect-iniis devoted to the quantum S3 double model. With a numerical search and employing 
the estimate of [HI Eq. (1.6)], we found all the 48 quantum S3 double modular invariants and 
then the Verlinde fusion matrices. We classify the modular invariants that have matching 
nimreps and decide which modular invariants are indeed produced by braided subfactors 
(we list the nimble and the sufferable ones in Corollarv l6.17|) . In Sect. 16.61 the full systems 
arising from the sufferable modular invariants are displayed. 

2 Preliminaries 

In this section we recall the general framework of [7| |H1 . 
2.1 Braided inclusion theory 

We shall consider type III von Neumann algebras with finite dimensional centres. A mor- 
phism between such algebras A and B shall be a faithful unital *-homomorphism p : A ^ B, 
called a B-A morphism, and we write p G Mor(j4, B). We will only consider those of finite 
statistical dimension or inclusions of finite index. Then dp = [B : p{A)]^/'^ is called the 
statistical (or quantum) dimension of p; here [B : p{A)] is the Jones index of the inclusion 
p{A) C B. If p and a are B-A morphisms with finite statistical dimensions, then the vector 
space of intertwiners Hom(p, cj)={t G B : tp{a) = a{a)t, a G A} is finite-dimensional, and 
we denote its dimension by {p, a). A morphism conjugate to p will be denoted p : B ^ A. 

Consider a type III inclusion N C M with a factor, and denote by l the inclusion 
map. Then j = u and 6 = II are the canonical and dual canonical endomorphism of 
N C M respectively. In the group case, M*^ C M where we have a outer action a of the 
finite group G on say a factor M, then 7 decomposes as a sector into the group elements, 
[7] = ©g[ag]) the decomposition of & as a sector is according to irreducible representations 
of G, [9] = ©^£(5^77 [tt] with (1-,^ being the dimension of the irreducible representation of it. 

Let N^N denote a finite system of irreducible endomorphisms of a factor N in the sense 
that different elements of n^n are inequivalent, for any A G n^n there is a representative 
A G N'^N of the conjugate sector [A] and atA'jv is closed under composition and subsequent 
irreducible decomposition. We denote by T,{nXn) a set of representative endomorphisms 
of integral sums of sectors from n^n |Z|- The quantity a; = ^ (i| is the global index of the 
system. 

If N^N = {ps,} is a finite system and j : N ^ 7V°pp is the natural anti-linear isomor- 
phism, p'^^^ = i ' P(, ' h set B = N A^°PP. Longo and Rehren [IJ have shown that 
there exists a subfactor A C B such that 7 = p^ <S> p°^^ is its canonical endomorphism 
(now referred to as the Longo-Rehren inclusion). This notion was further translated into 
the type IIi setting by Masuda [32] who proved that Longo-Rehren inclusion and Ocneanu 
asymptotic inclusion are essentially the same object. Ocneanu jl91 Chapter 12] has con- 
structed a non-degenerate braiding on the A-A system from the above quantum double 
inclusion A C B and later in a more algebraic way by Izumi [311 l3Uj . For a subsystem 11 
of N^N Izumi's Galois correspondence |3H Proposition 2.4] asserts then that there exists 
an intermediate subfactor A C Bu C B such that 7n = ©ggn P( P^^'^ ^ canonical 
endomorphism of the inclusion Bji C B. 

Whenever we have a non-degenerate braiding on a system, from the Hopf link and twist 
we can define S- and T-matrices of type N'^n x N'^n [EQISEj? which satisfy the Verlinde 
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formula [S5] . 



pGjvA'jv 



(A/i,z.). (3) 



5*^,0 

The fusion matrices Nx = [^x ^]p,uj where ^ = (A/i, zv), recover the original fusion rules, 



I.e. 



Nx-N,= ^ Nl^N,. 

In our setting of a braided inclusion : ^ M of type III we are interested to extend 
a morphism A G End(A^) to another morphism in End(M). We assume now that we have a 
(type III) inclusion l : N ^ M together with a finite system n-^n C End(A^) which is non- 
degenerately braided and such that the dual canonical endomorphism 6 = It £ T,{j\fXj\f) for 
the inclusion M-N morphism i : N ^ M. In the above setting, we say that C M is a 
braided subfactor. One can define the a-induced morphisms £ End(M) by the Longo- 
T)r.u^^-^ f^r-v^,,!.. 1/111- ^± _ ^ -1 Q Ad(ep^g^) o A o r, where e is the braiding, so that 



extends A in n^n, ct^i' = ^A. We can define the positive integral matrix Zx^p, = (a^,a~), 
normalised at the vacuum Zq^ = 1 if Af is a factor, sometimes denoted by Zj^qm when 
we want to emphasize the inclusion from which it was constructed. By [HE]) the matrix 
Zncm commutes with the modular S- and T-matrices for sub factors which also holds for 
inclusions under the decomposition into normalised ones (cf. Theorem I3.6() . Therefore Z is 
a modular invariant. Now we use a-induction and the inclusion map l to construct finite 
systems whose general theory has been developed in j71IH]. Let us choose representative 
endomorphisms of each irreducible subsector of sectors of the form A G n^n- Any 

subsector of [a^a^] is automatically a subsector of [iul] for some u in n^n and since we 
assume the non-degeneracy of the braiding the converse also holds true [Jj. This set of 
sectors yields a system m^m of sectors in general non-commutative (the original sectors 
from the system n^n is commutative since it is braided). We define in a similar fashion 
the chiral systems j^jX^^ to be the subsystems of /? € M'^m such that is an irreducible 
subsector of [a^]. The neutral or ambichiral system j^X^ is defined as the intersection 
M'^M ^ M'^M^ so that we obtain j^jX^j C j.jA'^ C m^m (see e.g. 

In the braided subfactor case, their global indices (the sum of the squares of the quantum 
dimensions) are denoted by uJo,u!± and uj, and are completely encoded in the modular 
invariant Z, namely |H1I2, 

LU — ^ — ^ UJ — uj"^ /uj (4) 

To help find the irreducible sectors in each of the above system one has the relation |H1 
Eq. (33)] 

{af,a^)<{eX,fi). (5) 

Finally, the neutral system ]^X^ inherits a non-degenerate braiding (therefore their fusion 
rules are commutative) by [1] whose modular matrices are denoted by S^^^ and T°^^. We 
can recover the matrix Z from the branching coefficients {b^^ = (r, a^)) as follows: 



Z 



A, /J 



■A^r.M- 



(6) 
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Moreover we have the following intertwining properties of the branching coefficient matrices 
between original and extended S- and T-matrices jU Theorem 6.5]: 

^cxt^i = b^S, r''^*^^ = b^T. (7) 

The modular invariant Z is a permutation matrix if and only if j^X^f = M'^m [ZHHj- The 
modular invariant Z produced by a subfactor C M is said to be of type I if Zq^a = (^5 A) 
for all A G N'^n |H1 (in particular Z is symmetric). In this situation we say that the 
chiral locality holds for the subfactor N C M . Note however that there may be other 
braided subfactors producing the same modular matrix Z. In other words, the chiral 
locality holds if the dual canonical endomorphism is visible in the vacuum row (and hence 
column), so [9] = ®Zq^x[X\. In the presence of chiral locality, we can usually recover 
the canonical endomorphism from the full M-M system j2| by computing the dimensions 
(a^a^,7) = (a^,a+). 

If a braided subfactor N C M produces a modular invariant Z, then there are in- 
termediate subfactors N C M± C M, such that N C M± produce symmetric modular 
invariants Z± (type I parents) j^. Moreover we have Zx^ = Z^^ and Zq^x = Z^^ and the 
canonical endomorphisms of C M± are visible from the vacuum row and column of Z: 
[6^] = (BxZxfliM ^^^'^ [^-] = ffiA-^o,A[A], which incidentally implies Eq. Q. 

Definition 2.1 A non-negative integer representation (nimrep, for short lEl) of a given 
modular data is an assignment of a matrix G^x] (or Gx for short) to each primary field X, 
with non-negative integer entries, preserving the fusion rules, i.e. 

Gx-G^ = Y^ Nl^G^, Go = id, and G-^ = G\, for all A, ^ 

where ^ are the Verlinde fusion integers from the original modular data. 

By a standard argument (see e.g. [^Hl or jl9l Page 425]), we can simultaneously diag- 
onalize all Ga's, and moreover the eigenvalues of Gx are for A* running in some 

multi-set (possibly with multiplicities). The cardinality of this set is the dimension of the 
nimrep. Two nimreps G' and G" are equivalent if there is a permutation matrix P such 
that PG'yP~^ = G'^ for all A. There is a natural notion of direct sum of nimreps j2Zl- The 
regular nimrep is obtained, by setting Gx ■= Nx where Nx is the Verlinde fusion matrix 
associated to the primary field A S n^n- By the exponents of a modular invariant Z, we 
mean the multi-set Exp consisting of Zaa copies of A € n^n- 

RCFT is thought to require that each physical modular invariant has at least one nimrep 
such that their exponents coincide. A modular invariant is nimble if it has a matching 
nimrep. A nimrep hereafter is meant to be compatible with some modular invariant (i.e., its 
spectrum and dimension are dictated by the diagonal part of the modular invariant). Hence 
we discard (although some of the results below remain valid) nimreps with no consistent 
modular invariant as being spurious nimreps. A nimless modular invariant is a modular 
invariant without a matching nimrep. We regard the category of nimless modular invariants 
the least interesting of all. 

Following closely Gannon's paper j22j, let us fix a nimrep G. Then by Perron- Frobenius 
theory Sxo/Sqo is the norm of the matrix Gx for every A G N'^n- Clearly, all Ga's are 
symmetric if all the exponents fi are self conjugate fi = fi. More generally, Gx = Gr^ if 
and only if Sx^j. = Syj^ for all fi S Exp. We conveniently enumerate some properties [2Z| of 
nimreps that we use in the sequel. 
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1. For a given modular data, there are only finitely many indecomposable inequivalent 
nimreps. 

2. For every primary field A, the norm of every connected component of G\ is Sxq/Sqq. 
Moreover, [Gxlij ^ 'S'ao/5'oo- 

3. The spectrum of every matrix Gx is {5'a^/5'o^ : fJ- G Exp}. 

4. The number of indecomposable components of Gx is the number of exponents fi such 
that Sxn/Sof^ = Sxo/Soo- 

5. No column or row of each Gx can be identically equal to zero. 

We finish this section with a well posed problem. 
Problem. Classify the nimreps of a given modular data. 

2.2 Induced nimreps for sufferable modular invariants 

Let N C Ma and N C be two braided subfactors, with La and tf, denoting the inclusion 
maps respectively, whose modular invariants of the given modular data we denote by Za 
and Zh respectively. Let Ma^Mi, denote the irreducible representative endomorphisms from 
the subsectors of [taXlb] with A running over N'^n- Then by extending ideas from [7j we can 
show ^3 that Ma-^Mb under the left action Ma^Ma ^^d right action of M^^Mi is isomorphic 
to 

Hl,^K, (8) 

where i/^ ^ C ©a,g^;t;'^^^Hom(A/i, xx) is a certain Hilbert space of dimension [Zc]a,/x) c = a,b. 
In particular i^Ma'^M^ = Tr(Z(j(Z;,)*). Moreover, we have an induced nimrep in a stronger 
sense as follows (see ^7j). The matrices 

rC;/3 = Wata-,(3'), [3, (3' G mA (9) 

form a nimrep (we can use either inductions a^"^ or a^'^'^ from the braided subfactors C Ma 
or N C Mfo respectively). Such a Za-Z^ nimrep provides us with further constraints for 
a modular invariant to be produced by a braided subfactor. The eigenvalues of P^,^ arise 
from {xf (A)x^(;u)}, where Xxiy) = Sx,u/Sx,o, with multiplicities 

mult(xc(A)x,,(Ai)) = (10) 

This is a generalization of the classification result [SI Theorem 4.16]. We display in Fig. ^ 
the number of irreducible sectors; each vertex is labelled with an algebra A'^, Ma or Mf, and 
a line between two algebras represents the number of irreducible sectors. 

Hence if Ma = Mi,, then ^^M'^m = Tic{ZZ^) and moreover we can see in particular that 
M'^M is commutative if and only if Zx^/j, < 1 for all X, fi (so recovering [71 Theorem 6.8]). 
Also b^^ < 1 for all r, A if and only if ^//A'^ is commutative (as part of Eq. (4.11)]). 
Furthermore, if Mf, = N we get Tr {Zi\fQM) irreducible M-N sectors by decomposing [iA], 
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#Ma-Ma=Tr(Za(Za)') 



Figure 1: Irreducible Mq-M^ sectors from the subfactors N C Ma and N C with 
modular invariants Za and Zb 

for A running in the braided system n^n, into irreducible sectors and we recover the nimrep 
constructed in |HJ Page 768] or [HI Page 10]: 

Gi-a ■= (a^a, b) = {aX, 6) , a,b£ m^n- 

As an apphcation, these matrices Gx are used together with the fact that Z := Zi\fQM 
commutes with S to get the following curious identity jl71 Proposition 3.3]: 

[aa]= ZxAm- (11) 

The matrices G\ do not depend on the ± induction choice. We can consider G\ as the 
adjacency matrix of the fusion graph of [a^] on the m^n sectors via left multiplication. 
Then the set of matrices {Gx} yield a nimrep of the underlying modular data [Hj whose 
exponents match with the exponents of the modular invariant Z^vcM- 

Definition 2.2 A modular invariant Z is said to be sufferable if it arises from a braided 
inclusion N C M through the process of a-induction [Z]\^fj_ = {a^,a'^). It is called insuf- 
ferable otherwise. 

Therefore every sufferable modular invariant has a compatible nimrep. We are also inter- 
ested in tackling the following well posed problem. 

Problem. For a given modular data, classify their sufferable modular invariants. We as- 
semble the 3 categories (from the ones that encode a very deep and rich structure to poorer 
ones) of modular invariants that are interesting to classify for a fixed RCFT or modular 
data: sufferable modular invariants, nimble but insufferable modular invariants and nimless 
modular invariants. 

3 Q-systems for inclusions 

Let be a factor and l : N ^ M he axi inclusion in a von Neumann algebra M, with 
i : M ^ a conjugate endomorphism of i. Then since li, u both contain the identity idA/, 
idN respectively, there are intertwining isometrics, v and wi, in Hom(idAr, a), Hom(idM5 i-l^) 
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respectively [391 l3Uj . Then w = l{'Wi) is an isometry in Hom(0, 6^) where 6 = a is the dual 
canonical endomorphism which satisfy HO] 



w*9{w) = WW* , w"^ = 9{w)w, v*w = w*0{v) = 1/d 



(12) 



with d = Hence = [M : N]. It is convenient to represent intertwiners graphically 



P 



P 



|. ^ |. — — ^ 

I t I = I t I 

L J L J 



a 



a 

r — — 1 

I t* I 

L J 

P 



Figure 2: Intertwiners t G Hom(p, a) and t* G Hom(cr, p) 

[7]. Our convention is that an element t in the intertwiner space Hom(p, a) is written as in 
Fig. 12 With this convention, we write the isometrics w and v and as in Fig. |31 and Fig. |1J 
respectively. Then the relations of Eq. ((T^ can be displayed graphically as in Figs. 13 IHl 
and 13 





Li Li 



Figure 3: Diagrammatic representation of y/d(7)w and y/d{i)w* , respectively 



id 



id 



Figure 4: Diagrammatic representation of y^d{i)v and d{i)v* , respectively 



The system G = {9, v, w) is called a Q-system by Longo which characterises pre- 
cisely which endomorphisms can arise as dual canonical endomorphisms for N C M. More 
precisely, Longo worked with equivalent notion of characterising canonical endomorphisms. 
It is well known that the dual sector [9] does not determine M uniquely up to inner conju- 
gacy. This is an cohomological obstruction that has been studied in j3H I33j where the 
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e e e 6 9 e 




e 9 9 9 9 9 



Figure 5: Q-system relation 6{w*)w = ww* = w*9{w) 



9 9 




Figure 6: Q-system relation d{i)'uP' = d{i)9{w)w 

following definition is proposed. Two Q-systems {Oi^vi^wi), (6*21^21^^2) are equivalent if 
there exists a unitary u G Hom(^i,6'2) such that V2 = uvi, W2 = u9i{u)wiu* . In particular 
we obtain ^2(') = u9i{-)u* thus [^i] = [62]- The above relations Eq. (|12|) mean that a 
Q-system is a Frobenius algebra A = {6, m, e, A, e) where e G Hom(l, 9), m £ Hom(^^, 9), 
e G Hom(^,l), A G Hom(0,0^) such that {9,m,e) is an algebra, (0, A,e) is a co-algebra 
with the algebraic and co-algebraic structure related by 

(ide (g) m) o (A ide) = A o m = (m (g) ide) o (ide ® A). 

This is in as Fig. [S] where m and A are identified with w* and w respectively. A Frobenius 
algebra A is said to be special Definition 3.4] if there are non-zero constants /3i and 
[3a such that e o e = /3iidi, m o A = /S^iid^. For a Q-system G = {9,v,w), v*v = 1 and 
10*11: = 1, implying that is a special *-Frobenius algebra (with Pi = Pe = d{i), see Figs. 
121 and 1^ . A Q-system is automatically a symmetric Frobenius algebra j21l Definition 
3.4], as in Fig.|Hlsince id = d'^v*w*9{w)9{v) = d^9{v*)9{w*)wv. 

For a Q-system = {9,v,w), a (left) 0-module [Hj (see Fig. EH) is a pair {U,p), where 
U G T.{nXn) and p G Hom(6' (g) U, U) such that 

/O o (m (g) id) = p o (id ® /?), p o (e id) = id. (13) 
9 9 id 9 




id 9 9 9 

Figure 7: Q-system relation d{i)v*w = d{i)w* 9{v) = id 
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Figure 8: Symmetric Q-system 



0a U 0b 0a U 0b 0a U Bb 0a U Bb 




V V 



Figure 9: Qa-^b bimodule 

In particular, we can define the induced 0-modules Inde(f^) = 9®U for any U G S(jv^jv), 
and it is tlie case tliat any simple G-module is a submodule of Ind0(A), for some A G 
N'^^N (see Fig. [TT|) . A 0a-Ob bimodule is a triple {U,pa,Pb) with U E pa £ 

Hom(0a (g) U,U) and ph G Hom(L'^ (g) 9i,,U) such that {U, pa) is a left Oa-module, {U,pb) a 
right 06-module so that 

Pa o (ide, ® Pft) = Pbo {pa 8> idej 

as LHS of Fig. |U| A map t : U ^ y is an Qa-Qb intertwiner if the condition on RHS of 
Fig. El holds. 



0a U 0a U 0b 0a0b U 




(loft) ea-module ©a-©6 bimodule ©a ® eb°PP-modulo 

Figure 10: Notation for ©a-modules and ©a-0fe bimodules 

Given Q-systems Qa and 0^, the simple Qa-Qb bimodules can be identified with the 
simple 0a <Si 0b°''''-modules as in Fig. where 0^°^^ is the opposite algebra [171 Remark 
12]. Recall that if = [9,v,w) is a Q-system on a braided factor iV, then we can de- 
fine an associated opposite Q-system {6,v,ei^0^g)w) denoted by 0°pp as in Fig. EI The 
graphical representation of e(A,^) = ^) is in Fig. 1131 We remark that if and 0°pp 
are equivalent then the modular invariant Z is symmetric Z=Z'^, but by [1], there are Q- 
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e 



Figure 11: Induced (left) 0-module module Inde(A) for A G N'^n 

systems producing non-symmetric modular invariants, thus we may have 9^ The 
$ product Qa® Qb = ©afe of two Q-systems ©a = iOa,Va,Wa) and @b = i(^b,Vb,Wb) is 
{OaOby Gaivb)va, Oai^if^a, Ob))(^ai'^b)'Wa) 8ts in Fig. ^1 For Completion, we define here the di- 
rect sum 0a © 0b of Q-systems, whose associated braided inclusion is C Ma © Mh, if the 
inclusions N C Ma, N C represent 0^, and 0f, respectively. Let Sa,si, £ N he Cuntz 
generators, i.e. s*Sj = 6ijl and SqS* + Sbsl = 1. Define now 

9{n) = SaOa{n)s*a + Sb9b{n)sl, neN 

V = {\/^aSaVa + \/%SbVb)/ \/d{e), 
W = 0{Sa)SaWaS*a + 0{sb)sbWbS*b. 

where d{e) = diOa) + di9b), and 4 = 4 = d{eb). 




La ih La i-h La Lfj Lb 



Figure 12: Braided product of Q-systems Qab = [OaOb, Oa{vb)va, 0a{e{6a, 9b))0l{wb)wa 




MA AM 



Figure 13: The braiding operators ^) and ^(^x ^J.) ^{^t A* ^® over- and undercrossings 

Lemma 3.1 Let 0^ and Qb be Q-systems associated with the braided subfactors N C Ma 
and N C Mb, respectively. Then we can identify the category of Qa-Qb bimodules with the 
category of Ma-Mb sectors Ma^ivh- 
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e 



Figure 14: The isometry q-^w 



e u I L u 





/3 la [) 



Figure 15: modules and the map $ 

Proof. Denote by ta and ij, the inclusion maps of the subfactors N C Ma and N C 
respectively. Every irreducible (5 in AfAfj^) arises from the decomposition ia^lb with A 
in nP^n- Define now $ : S(Af„^Mj ^ Oa-Ofe-bimodules by = ta/Jib for /3 G A/„'Vj\/b 

(see RHS of Fig. [T3|) . In particular, $(taAtf,) = Oa^Ob- If /S)/?' £ ^(jv/a'^Mt), then we map 
an intertwiner t G Hom(/3,/3') to <I>(t) = iatib G Hom(z:a/3tb, /:a/9''-6) = Hom($(/3), $(,9'), 
see RHS of Fig. 1161 Then ^ is an Qa-Qb morphism as in Fig. 1171 Let us finally prove 
that $ is injective. Suppose that ta/S^ft — ^aP'i^b as Qa-Qb bimodules. Then we prove 
in Fig. ^1 that 4 = 1^^ t" ® 1^^ with t" £ Hom(/3, /?'). If t is an isomorphism so is 
t" , therefore /3 ~ /?'. We have i^Ma'^M^ ~ Tr(ZaZ^) by [TT]"^, so since $ is injective 



^This was shown as in Sect. 12.21 for subfactors and normalised invariants, but the results extend to 
inclusions using central decompositions as in Sect. 13.11 particularly as in Lemma 13.51 Similarly for the 



r n 

t 

L J 



13' 



r n 

t e Hom{i:„/3ti,,i:„/3'i6) 

L J 



r n r n 

t' = t' 

L J L J 



Figure 16: From Ma-Mb intertwiners to Ga-©b-intertwiners 
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Figure 17: ^ is an Qa-Qb morphism 




Figure 18: Proving that t = 1^^ t" (g) 1^^ 



H^Ma'^Mb — # (irreducible @a-Qb bimodules). On the other hand, by |^ Proposition 5.16]^, 
TriZaZl) > #(irreducible Ga G6°pp - modules) = #(irreducible Qa-Qb bimodules). So 
#A/a'^A4=# (irreducible @a-Qb bimodules). Therefore $ is surjective. □ 

There are particular cases from Lemma l3.ll namely, when N = Ma and Ma = Mj,. In 
the first case the lemma implies that for the Q-system 0;, =: G with N C M the associated 
braided subfactor, we can identify the category of G-modules with the category T,{m'Vn) 
compatible with the left n^n and right m^m actions. The irreducible N-M sectors (3 
in M'^N arise from the decompositon of l\, for A G N'^n- (The map $ : T,{m^n) 
G-modules is given by $(/9) = 1(3 for (3 S mXj\[. In particular iX TtX = Inde(A).) 
Combining with previous remarks, this means that we can identify the N-Mab°pp system 
N^Mabopp with the Ma-Mh system Ma^Ah- 

The second interesting case Ga=G;, is a Q-system from a braided subfactor N C M. 
Let us consider how the product G <Si is related or not to the Jones basic construction 

generating property for M-M sectors by a-induced ones. 
^We do not need the full strength of |^ Theorem 5.18] 
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Figure 19: The Jones product from C Mi 



|34j ■ If = {9,v,w) is Q-system for a braided subfactor N C M then we can understand 
a Q-system for the Jones basic construction N C M C Mi . If M C Mi is the Jones basic 
construction for N C M and Li : M C Mi is the canonical inclusion map, we can naturally 
identify the dual canonical endomorphism Iiti of M C Mi with the canonical endomorphism 
u of N C M. Thus the dual canonical endomorphism for N C Mi is Tillil = uiLil = llIl = 
6^. The corresponding isometries are V = wv and W = O^wv), i.e. we have a new Q-system 

Qj associated with the Jones basic construction 0j = (^9'^ ,wv,6{wv)^ , see Fig. 1191 On 
the other hand we also have another Q-system G$ associated with 9^ from the $ product: 
namely, 6$ = (^9'^,9{v)v,9{e(^g 0-j)9'^{w)w^ where e is the braiding operator, see Fig. QUI 
Denote by C Mj and N C A/$ the braided inclusions from Gj and 0$, respectively. 




For each Q-system on 9'^, we consider 0^ G T,{]\fX]\f) with two different products arising 
from the Jones or braided products. If we label the strings l and t by in Figs. El ^-nd 
I2U1 the two Q-systems on 9^ are equivalent using the unitary u = £(9,02) arising from the 
braiding, see Fig. I21L and then we pull the strings to obtain the corresponding Jones co- 
product, see also Fig. 1221 We actually have four Q-systems on 9^. The first two arise from 
the Q-system Qj by performing the Jones and braided products, thus obtaining Bjj and 
respectively. The other two G$j and 0$$ arise similarly from the Q-system 0$. 
Namely, 

Qjj = (^9'^,9{wv)wv,9^{9{wv)wv)y 

0j$ = (9'^,9^{wv)wv,9^{e(^g2^g2))9'^{9{wv))9{wv)y 

0*j = (^9\9{e^e,e))0Hw)w9{v)v,9^{9{e^g^e))e\w)w9{v)v)y 

0$$ = {9\ 9\9{v)v)9iv)v, 9\e^g2^e'^))9\9ie^g^o))0H^)^nHe,e))0\w)w) . 
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/,From the above Q-systems Qjj, 0j$, 9$j we denote by C Mjj, N C Mj$, N C M$j 
and C -/Vf$$, respectively, the associated braided inclusions. 

Proposition 3.2 Let 9 = ll he the dual canonical endomorphism of a braided subfactor 
L : N C M. Then Qjj, 0#j and 6j$ are equivalent. 

Proof. That Gjj and Gj$ are equivalent Q-systems has been proven above (cf. Figs. 
and 1221) • We can also prove that 6$j and Qjj are equivalent using the unitary u = i[e,e)i 
see Fig. 123 ' □ 

In the Q-system 0$, we can use the relative braiding [7j and, e.g., use the unitary 
u = 6(^ 51) to get the LHS of Fig. |^ but then we see that the labelling of this picture is 
Tiii ■ ■ ■ whereas the one for the Jones product is TlTl ■ ■ ■ see Fig. 1191 and they do not match. 



9 ee 6 99 99 




Figure 21: Equivalent Q-systems ue*{u)e'^{e{e'^ ,9'^))e^{e{wv))e{wv)u* = e'^{e{wv)wv) 




Remark 3.3 Let = {6,v,w) be a Q-system on a braided system n-^n such that = 
^0 ffi -^cr and = Aq. Thus we can endow 9'^ with two Q-systems Qj and 0$. We see 
that dimZ(0j) = 1 whereas dimZ(0$)=l if e{a,a) = ^o-id with Kg- = e^"^"^^" / 1, and 
dim2^(0$)=2 if £((7,0-) = id. In the SU (2) modular invariants Z^^ associated to the Dynkin 
diagrams ^QIj the endomorphism ^ = Aq © A^- is a dual canonical endomorphism |2j 
producing Z^^. Moreover = 1 for -Dodd and Ko- ^ I for -Dcvcn- Therefore 0j and 0$ are 
inequivalent in the -Deven case. In fact Af$ is not a factor, dim(M^ n M$)=2, whereas Mj 
is (always) a factor, cf. Lemma mi Note that Z]\f(2M^ = Zfj . Moreover, 0$$ and 0jj 
are also not equivalent and so C M<j>$ and C Mjj are different inclusions. 
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Figure 23: The isometries V and W in Qpj 
3.1 Fusion of sufferable modular invariants 

Let = {9, V, w) be a Q-system on a factor N, and N C M the associated inchision. We 
will denote Hom(id,0) by H{e) ^ and let Z{@) := {6 G H{e) : w*b = w*0{b)}, see 
RHS of Fig. 1241 If the multiplicity of id in 9 is one, the inclusion C Af is irreducible 
A^' n M ~ C therefore C M is a subfactor. In case the multiplicity of id in 9 is not one, 
then by [101 there is still an inclusion N C M with M a von Neumann algebra with finite 
dimensional centre. In the following we get a condition in terms of data on A^, for which 
M becomes a factor, thereby yielding a subfactor A^ C M. 




Figure 24: The algebra Z{Q) 




Figure 25: left Frobenius reciprocity Cf. Hom(id, 9) Hom(i, l) 

Lemma 3.4 Let Q = (9, v, w) be a Q-system with N C M the associated inclusion. Then 
H{e) c::iN' r\M and moreover Z{e) ~ M' n M. 

Proof. As in e.g. [7] the left Frobenius reciprocity map Ci : IIom(id, 0) — > IIom(i, l) is de- 
fined as Ci{b)=d,L{b*)wi with wi G IIom(id, a), see Fig. ESI Note that IIom(z,, l) = N'CiM. 
Since M = Nwi pointwise jSH] and Cz{b) commutes with A^, we need to prove that b £ Z{9) 
if and only if Ci{b)wi = wiCi{b). The later equation is displayed in Fig. [221 The algebraic 
verification of Fig. EHl is as follows. Let b G H{Q) such that Ci{b)wi = wiCi{b)wi, i.e. 
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Figure 26: Proving b G 2.{Q) 



Cz{h)wi = wiCz{b) 



L{b*)wiWi = wiL{b*)wi, thus applying I on both sides, lL{b*)ww = wu{b*)w. Multiphcation 
by V* on the LHS yields v*9{b*)w'^ = v*w9{b*). But since is a Q-system, v*w = 1/d where 
d = d{i) and v*6{b*) = b*v* because v G Hom(id, 6*). Therefore we get b*v*w^ = 6{b*)w/d, 
so again by definition of Q-system and then applying the *-operation on both sides we get 
w*b = w*6{b). Therefore b G 2{Q). Let us now assume that b £ 2{Q), thus applying * 
on both sides and then l, we get t(6*)i(zi;) = i9{h*)i{w). Multiplication by wi on the LHS 
of both sides yields i{b*)L{w)wi = i6{b*)i{w)wi. We have L{b*)L{w)wi = L{b*)'^{wi)wi = 
i{b*)wiwi because wi G Hom(id,7) and i9{b*)i{w)wi = ^{i{b*)wi)wi = wii{b*)wi us- 
ing again that wi G Hom(id,7). Hence we conclude that i{b*)wiwi = wii{b*)wi, thus 
Ci{b)wi = wiCi{b)wi. □ 




b* = b* 



L L L Lib 

Figure 27: Diagrammatic representation for Ci{b)wi = wiCi{b) 

Let Q={6, V, w) be a Q-system, N C M the associated braided inclusion and p a projec- 
tion in the finite dimensional algebra M' n M C Hom(i, t). Then we consider the cut-down 
Q-system Qp where 9p = Tptp with tp{x) = pi{x). Note that Op = Ipt ^ It G T,{n'^n)- 
Denote by Zp the modular invariant produced by Qp. Then if we take a (finite) partition 
of unity "^pP = 1 of the algebra AI' n M by minimal projections {p}, Q = Qp. 

Lemma 3.5 Let N C M be a braided inclusion and {p} be a partition of unity by minimal 
projections of M' f] M . Then ZncM is a sum of normalised sufferable modular invariants 
Zncm = Yip ^P' ^^^^ -^0,0 is the dimension of M' n M. 

Proof. Since every projection p is minimal, p{M' f] M)p = Cp so Mp is a factor and then 
[Zp]oo = 1- Observe by jl7| Sect. 5] that a-induction from N to M is trivial on the relative 
commutant N' H M, thus trivial on M' D M, so that a-induction is the sum of the cut- 
down a-inductions. Consequently, Z is additive on Q-systems. For a formal proof see the 
description in the remark before Theorem 5.7 in [7] of Z in terms of N-N and N-M data, 
from which additivity is clear, or use [21\ Proposition 5.3]. □ 
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Theorem 3.6 Let N C Ma and N C Mh be braided inclusions, whose modular invariants 
we denote by Za and respectively. Then the product ZaZ\ is sufferable and decomposes 
as an integral sum of normalised sufferable modular invariants. 

Proof. Suppose Qa and are Q-systems for the inclusions N C Ma and N C Mf, re- 
spectively. Let Qab°pp denote the Q-system 0^ (g) G^*^^ with N C Mabopp the associated 
inclusion. Then by Lemma ITT] and PTI Proposition 5.3], Zj^cM^^opp = ZaZ^. On the other 
hand, let us take a partition of unity of minimal projections {p} of M^^opp H Mab°pp. Then 
■^TVcM^topp = X] -^p by Lemma Irel and the result is proven. □ 

A special case of this result when a = b, and {ZaZa)^^ = 2 was derived in jl7j . 
Corollary 3.7 The set of sufferable modular invariants yields a fusion rule algebra. 

3.2 Q-systems from 6j-symbols 

Here we present in co-ordinate form the Q-system relations on the isometries v and w. We 
consider only the case where the Verlinde fusion rules are multiplicty free and where 9 is 
also multiplicity free i.e. (0,A) = O,1. 

Let Si G Hom(Ai,0) be Cuntz generators, i.e. s*Sj = (^ijT, ^iSiS* = 1, such that 
9{a) = ^■SjAj(a)s*. Similarly fix an orthonormal basis {v^j} of Hom(Afc, AjAj). Then any 
w G Hom(0,0^) can be written as w=^w^jSi\i{sj)v^jS\ with w^j complex numbers. Since 
we assume dim Hom(z(i, 0) = 1, we can take v = sq. We note by j33j . that the Q-relations 
w*9{w) = WW* and w'^ = 9{w)w are equivalent as long as we assume the other relation 
dv*w = dw*9{v) = id. So w has to be an isometry w*w = id and dv*w = w*9{v) = id and 
w"^ = 9{w)w. These constraints are respectively 

E = 1' ^Ok = ^lo = m and wiX, = Y: «^|.<F(f )^ (14) 

i,j e-<6 

for all i,j, l,k,p ~< 9 and where the numbers F^^^^^ G C are the associated 6j-symbols |19j . 
see Fig. HSl We calculate 

W*W = ^ [wl.pSr\r{Sp)vlpsi^ (w'^jSiXi{Sj)v'ljSl^ 

= YwlpW'^jStvl*pXr{s*p)s* ■ SiXi{Sj)v'^jSl = ^ {wj^l"^ StS^ , 

hence V,- , Iw^ P = 1 for all t. Also 

dv*w = ds*Q'Yw^jSiXi{sj)vfjSl = dJ^'^OjSjVojSl = J]u;^fcSfc4, 

hence Wqj^ = 1/d for all k and similarly from dw*9{v) = id we obtain = 1/d for all k. 
We now have 

WW = Yw^jWlgSiXi{Sj)vfjSl- SpXp{Sq)vlgS; 
= W^jWlgSiXi{Sj){v'^jXk{Sq))vlgS; 
= Y '^i3^kqSih{Sj)XiXj{Sq)v'ijVlqSl 
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whereas 

yielding the final relation of Eqs. (|14)) . 




Figure 28: 6j-symbols 
In the sequel we will use the following normalisations 1211 Eq. (2.38)] 

-p{Ojk)p _ -p{iOk)p _ -piijO)p _ 1 /-t 

^pj -^ki - ^jp y'-^) 

whenever they are allowed to be non-zero by the fusion rules. It is usually tremendous 
work to prove that a given 6 £ T,{j\[Xj^) is a dual canonical endomorphism (requiring the 
solution of non-linear equations). Here we construct Q-systems that will be of use in the 
sequel. The Frobenius-Schur indicator FSx = Xl/x u ^^,i/diid,yUj'^/ tof, vanishes unless A is 
self-conjugate and is +1 or —1 depending on whether A is real or pseudo-real, respectively 
(see e.g. j21j). For a simple current a (i.e. do- = 1) one has FSo- = w^- There is a well known 
obstruction for finding a periodic inner perturbation of a given automorphism a which is a 
priori only periodic modulo the inner automorphisms [a^] = [id], so that (Aci(u)cr)" = id 
|13j . We consider this obstruction in the context of Q-systems. 

Lemma 3.8 Let N'^n be a nondegenerate braided system and suppose that there is a simple 
current a G N'^n such that [cr^] = [id] . Then 9 = id® a is a dual canonical endomorphism 
of a braided subf actor if and only if the Frobenius-Schur indicator FSq- = 1. 

Proof. The last Eq. of (|14l) reduces to 

,J _ „,,0 ■p{ijk)p 1 p p(ijk)p 

^ij^lk - ^jk^iO^ 01 + ^ifc^il^ 11 

where we put 1 = cr, = id and i,j, k,l = 0, 1. We know the 6j-symbols by e.g. [211 Eqs. 
(2.38) and (2.47)]: 
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When we insert these 6j-symbols into the above equation we see that we get consistent 

„0 _ „„0 _ „„1 _ „„1 _i/./7T „„j „„1 _ „„1 _ „„0 _ „„0 



constants tt;^- if and only if FSo- = 1. We then get the following solution: 



Woo = wu = u^oi = ""^lo = l/v 2 and u-^ = Wqq = Wq^ = w^^q = 0, 

which yield a solution for all of Eqs. H14|) . □ 

We remark that FSo- = 1 is Rehren's condition [221 = 1 in the net setting. Let p be 
a prime number and atAjv = {^{m,n)} be the system of endomorphisms of = AIq x A(Zp) 
obtained from the quantum double of Mq C Mq xi Zp whose sectors obey the Zp x Zp fusion 
rules and where Mq is a type III factor. We also fix a non-degenerate braiding on N'^n- 
Now we look for 6 G 'E{i\fJYj\f) such that ^ is a dual canonical endomorphism. 

Lemma 3.9 (i) Let p ^ 2 be a prime number and H a subgroup of TL^ x Zp isomorphic 
to Zp and consider Oh = ©(m -^(m,n) • Then Oh is a dual canonical endomorphism of 
some braided subf actor N C M . 

(a) The endomorphism O^^xip is a dual canonical endomorphism. 
Proof. The 6j-symbols are, see e.g. (23 Eq. (7.340)], 

and the others vanish. Note also this normalization is consistent with the one used in 
Eq. ((13). Next we consider the subfactor N = Mq x A(Zp) C Mq x (Zp x Zp). Then 
the 0A(z )=(OiO) © (1, 1) © • • • © ip,p) is its dual canonical endomorphism by [23 and 
therefore ^a(z ) is a dual canonical endomorphism. The 6j-symbols for A(Zp) are obtained 
by restriction of those for Zp x Zp, i.e. 



and Fm^'^^ = if h^i+j + k ov m^j + k or n^i+j with i,j, k, h, m, n in A(Z, 
Hence if we take another copy H of Zp in Zp x Zp we get exactly the same formula for its 
6j-symbols, i.e. 

^ j+k,i+j — ^,J,K <^ n 

and Fm,n''^ = ii h^i-\-j-\-k ov m^j + k or n^i + j with i, j, k, h, m,n in H (because 
of the fusion rules). Thus solving Eq. (|14|) for Oh is equivalent to solving the same equation 
for ^A(z )• Since we already know that such a solution exists for A(Zp) we conclude that 
Oh is also a dual canonical endomorphism of some braided subfactor N G M. 

Let us now prove (ii). From part (i), Oz^xo and OoxZp are dual canonical endomorphisms, 
so is their product ^z„xz„- □ 



4 The subfactor Mq x A(G) C Mq x (G x G) 

We identify the intermediate subfactors of the asymptotic subfactor of a finite group G that 
arise from subgroups of G. 

Proposition 4.1 There is a bisection between normal subgroups N < G and subgroups H 
of G X G containing A(G). 
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Proof. Let H he a, subgroup of G x G such that A C H, where A denotes the diagonal 
subgroup of G X G. If (/ii,/i2) G H, (/i^S/i^^) e Ac H imphes (e,/i2/ir^) G H. Then 
H' := {h £ G : (e, /i) G H} is a subgroup of G. On the other hand, for s G G, h £ H', 
(e, s/is""*^) = (s, s)(e, /i)(,s~"'^, s~^) G iif, therefore shs~^ G i/' for ah s and so H' is a normal 
subgroup of G (and {e} x H' C H). Conversely, take a normal subgroup H' of G, and 
define H := A ■ H' x H' = {{gH',gH') : g e G}. Then A C i/ C G x G and clearly the 
above H ^ H' construction is a bijection. □ 

Then from each normal N subgroup of G we get an intermediate subfactor Mq x A(G) C 
MqxN C Mq X (GxG). Clearly A(G) is normal in GxG if and only if G is an abelian group. 
In the more general case where we fix a subgroup H of G, the principal and dual graphs of 
N = Mq xH G Mq xG = M are computed in [37j through the Mackey induction/restriction 
machinery. The dual principal graph is as in Fig. [221 with res : vr — > vr ind : a — > ind^cj 
being restriction and induction of group representations respectively. 
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<— Af — M system, 
q dim=dim{7r), n a G 



M — N system, 
q dim=dim(7r)\/|G//i'|, tt G -ff 



Figure 29: Dual principal graph of Mq x H C Mq x G 

Strictly speaking, the dual principal graph is the connected component of the above 
restriction/induction procedure containing the trivial representation of G. The principal 
graph is more subtle. First we take representatives of the double cosets H \ G/H. Then 
for each double coset HgH we fix a representative g and consider the stabilizer subgroup 

:= H n gHg~^. Then the set of vertices of the principal graph of C M is labelled by 
pairs {g, a) where g runs over a set of representatives of the double cosets and a are irre- 
ducible representations of |3H]- Finally the principal graph is the connected component 
containing the trivial representation of H of the graph, see Fig. VAUi By [A7\ Proposition 

31], the vertex set of the principal graph of C M is given by G/N U H/N where N 
is the largest normal subgroup of G containing H. Furthermore, G/N labels the N-N 
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g HngHg' 



<^ M — N system, 
q dim=dim(7r)y |G7ff|, vr S -ff 



N — N system. 



q dim=dim(7r)y|_H'/_f/9|,7r G H9 

Figure 30: Principal graph of Mq x H C Mq x G 

irreducible sectors whereas H/J\f labels the N-M ones. We note that the principal graph 
of Mq X H C Mq X G is the dual principal graph of the inclusion M^ C M^ (see e.g. (HI] 
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or jn]). The more difficult fusion of the N-N sectors is also carried out by Kosaki et al. 

isaisH]. 

When we are in the situation A(G) C G x G, the center Zq of G is trivial if and only 
if M is trivial. Therefore, the above Mackey induction/restriction graphs are connected if 
and only if Zq = {e}. This happens, for instance, when G is S3 the symmetric group on 3 
letters. Moreover, since 

AiG){g,h)AiG) = A{G){e,g-'h)AiG) 

for any g,h £ G, we easily see that every double coset A{G){g, h)A{G) gives rise to a 
conjugacy class Cg-if^ of A{G). Since the stabilizer of {g,h) equals the centraliser of g'^h, 
i.e. 

{g, h)A{G){g~\h-^) n A(G) = {x G G : xg-^h = g'^hx}, 

we have the group theoretical relation between the framework of Coste et al. jl4j and the 
one in |SZ] which we will use in the sequel. 

We now illustrate the above algorithm in some concrete examples. In the first example 
we display the principal graph of = Mq x A(53) C Mq xi (5*3 x S3) = M in Fig. El Here 
we have three S3 = A (53) double cosets: 

• S3{e,e)S3 with 6 elements, 

• S'3((132), e)S'3 with 12 elements and 

• S'3((132),(12))S'3 with 18 elements. 

We further have 

^3 n (e, e)53(e, e)"^ ~ ^3, ^3 n ((132), e)53(132, e)"^ ~ Z3 
S3 n ((132), (12))53((132), (12))^i ^ Z2. 

The three first vertices [Aq], [Ai], [A2] of Fig. I^label the trivial 1, sign e and 2 dimensional 
a irreducible representations of the group ^3, respectively. The vertices [A3], [A4], [A5] label 
the trivial and the other two irreducible representations of Z3, respectively. Finally, the 
last two vertices [A6],[A7] label the two irreducible inequivalent representations of Z2. In 
the sequel, it will become clear why we choose this notation for the vertices of the principal 
graph of the above subfactor C M. 

The dual principal graph of the subfactor Mq x 5*3 c Mq yi S3 x S3 is derived from 
the irreducible representations of 5*3 whose (commutative) fusion is as follows: ee = 1 = 
el, aa = 1 + e + cr. In this way the Mackey induction/restriction between ^3 x 5*3 and 
S3 gives rise to the graph displayed in Fig. 132 which is in turn the dual principal graph of 
the above subfactor by [37j . 

The only non-trivial intermediate subfactor Mq x S3 C P C Mq x (5*3 x S3) arises from 
the normal subgroup Z3 = {e, (123), (132)} of ^3 by Proposition 14. 11 i.e., P = Mq x K where 
K := S3- (Z3 X Z3) ~ (Z3 X Z3) X Z2. The group H is a non-commutative subgroup of S3 x S3 
of order 18 (equal to pairs in S3 x S3 with the same parity). The subfactor Mq XS3 G Mq x K 
thus has Jones index equals 3. Next we compute its principal graph. We obtain two double 
cosets for ^3 C S'3- (Z3 x Z3); namely 5*3(6, e)53 ~ 5*3 and 53((12), (23))53 with 12 elements. 
We then obtain 

S3 n (e, e)S3(e, e)"^ 2^ S3, S3 n ((12), (23))S3((12), (23))"^ :^ Z3. 
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5*3 ^3 ^2 

[Ao] [Ai] [A2] [A3] [A4] [A5] [Ae] [A7] ^ AT. AT system 




q dimensions 



N-M system 
q dimensions 



-^3 



Figure 31: Principal graph of Mq x A(53) C Mq x {S^ x S's) 



^3X53 




53 

Figure 32: Dual principal graph of Mq x ^3 C Mq x (S'3 x ^3) 

In this way, we display the induction/restriction graph in Fig. OSl where the bottom vertices 
and the first 3 vertices on the top label the irreducible representations of S'3 and the other 
3 vertices label the irreducible representations of Z3. We explain the notation of the labels. 
The A^-A^ labels of the connected component containing the vertex [tp] in Fig.OHlis a subset 
of those N-N vertices in Fig. |^ the others (i.e. x,y,z) are unrelated to the latter ones 
|37| . (cf. the proof of Proposition I6.12|) 

Note that the principal graph of = Mq x ^3 C Mq x (53- (Z3 x Z3)) = P is the connected 
component containing the trivial representation of 5*3. Therefore it is the Dynkin diagram 
A^. This can alternatively be seen by noting that 5*3 is non- normal (index 3) subgroup of 
S3 ■ {1^3x^3) ■ 

5 Modular data and modular invariants for cyclic groups 

The modular data for finite abelian groups have been carried out explicitly in jl41 Section 
3.1]. In particular for cyclic groups Z^, the primary fields are parametrized by pairs {m,n) 
for m,n £ whose conjugate is {—m, —n), and the S and T matrices: 



26 
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2^3 



■ Af-A' system 
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Figure 33: Mackey induction/restriction for S3 C S3 • (Z3 x 



S{m,n),{m',n') = -^exp[-27r {nm' + mil' )/ d], 

T(m,n),{m,n) = exp [(27r\/^nm/d)] . (16) 

When d = p is a prime num ber, the hst of all modular invariants for the cyclic groups 
Zp have been computed in Jl]. For any prime p, there are precisely four non-permutation 

modular invariants: Z4 = xx*,Z7 = xy* , = yx*, and Z^ = yy* where x = X^f=o^ XiO 
and y = Yl^Zo Xoj- For any prime p > 2, there will be precisely four permutation modular 
invariants: Zi = Efj=o XijXlj, ^2 = EfjloXijXji, ^3 = J^q XijX-j.-i and Zq = 
Yl^^LoXijX-i -j the charge conjugation. When p = 2, = ^1 and Z3 = Z2. This is the 
complete list of modular invariants for any prime p. The modular data for Z3 are 
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where C = exp[27r\/— 1/3] and ( = exp[— 27rV— 1/3]. 



5.1 Subfactors for the quantum Z3 modular invariants 

The Z2 case has been carried out in [SJ Page 25], using a different notation. After relabelling 
the primary fields they match in the following manner: Z2 = W, -Z4 = Xc, Z^ = Xg, 
Zf = and Zg = Q. In Table ^ we provide all products of modular invariants of the 
quantum Z2 double model. The heterotic modular invariants Zj and Zg arise from the 
subfactor N C N yi (Z2 x Z2) producing another two modular invariants (namely Z4 and 
Z^) through intermediate subfactors by the application of the type I parent theorem. The 
last non-trivial modular invariant arise from an inclusion N C Xa„ ^(^2)- We note that 
here N = tto{SO(161))" with ttq the level 1 vacumm representation [5^ . 
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Table 1: Fusion ZaZ^ of Z2 modular invariants 

Let us concentrate on the quantum double of Z3. For each primary (m,n) of Z3 := 
{0, 1,2} modular data let Xmn denote a corresponding endomorphism of a type III factor 
N. Let be the system arising from these endomorphisms which as sectors obey the 

Z3 X Z3 fusion rules The following are the subgroups of Z3 x Z3: 

. Hi = {{0,0)}, 

. i72 = {(0,0),(l,2),(2,l)}, 

. if3 = {(0,0),(l,l),(2,2)} = A(Z3), 

. F4 = Z3X{0}, 

. i75 = {0}xZ3, 
• He = Z3xZ3. 

Let N = Mq X Z3 for a fixed type III factor Mq in which we realise the braided sys- 
tem N^N- By Lemma every subgroup of Z3 x Z3 gives rise to a dual canonical 
endomorphism Oh = ®{m,n)&H\m,m)- 

Proposition 5.1 In the case p = 3, the subfactors N C N xi Hi, N C N » H2 and 

N C N yi H3 produce the permutation modular invariants Z\, Z2 and Zj,, respectively. 

Proof. The dual canonical sector of C iV x i?2 is [^2] = [Aoo] © [A12] © [A2i]- In this 
way, we obtain (6*2 Amm ^mn) = 1 for all primary fields of the model. On the other hand, 
(^2Aoi,Aoj) = Sij where 6 denotes the Kronecker function. So we have so far three ir- 
reducible N-M sectors [iAoo]i Moi], [''Ao2]- However, since (^2Aoj,Afcj) = Si-kj we have 
no further irreducible N-M sectors. Then Ti{Ziy[^M) = 3 from where we conclude that 
Zncm = Z^,Zf„Z2 or Z3. As (^2Aoo,Aoi) = for i = 1,2, Zn^^m is neither Z4 nor Z^ 
because of the inequality {0^,0^) < {9X,fi) as in Eq. (37)]. Now let us appeal to PTI 
Proposition 3.3]. On one hand, 

Zmj^kr)[KjXkr] = 3[Aoo] © 3[Aii] © 3[A22] 
i,j,k,r 

and on the other, 

[aa] = [Aoo^tAoo] © [A12WA12] © [A2iaA2i] = 3[Aoo] © 3[Ai2] © 3[A2i] 

which is not the same sector. So Z^cM cannot be Z^ by jl71 Proposition 3.3], and must 
be Z2. 

The dual canonical sector of C x H^ is [^3] = [Aqo] © [An] © [A22]- Since for ^3 we 
have {63Xoi,Xkj) = Si+k,j we get exactly 3 irreducible N-M sectors [^-Aqo], Moi], ['-A02], so 
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Tt^Znqm) = 3 implying that Z^^c^m = ^2 or Z^. Elimination of both ^4 and is 

similar to the above case. 
We also have 

[aa] = [Aoo^^Aoo] © [AnwAn] © [A22tiA22] = 3[Aoo] © 3[Aii] © 3[A22] 

and on the other hand, 

Z2^ij^kr)[\j~^kr] = 3[Aoo] © 3[Ai2] © 3[A2l]. 

Therefore again by ^3 Proposition 3.3], Znc^s^Hs = -2^3- D 

Proposition 5.2 The quantum double modular invariants Z4 and Z^ are realised by the 
subfactors iV C iV x (Z3 x {0}) and N C N xi ({0} x Z3). 

Proof. For the subfactor C x ({0} x Z3), [6*5] = [Aoo] © [Aqi] © [A02] is its dual canonical 
sector. Computing we find that (O^XijjXij) = 1, for all i,j, {O^Xqq, Xqi) = (^Aoo,Ao2) = 
(6'5Aio,Aii) = (6'5Aio,Ai2) = (6'5A20,A2i) = {0X20, X22) = 1. The other intertwiner spaces 
are zero. Hence [z,Aoo] = Moi] = [tAo2], ['-Aio] = [iXu] = [i.Ai2],M2o] = [''A21] = [tA22]- 
Then Tr(ZArcA/) = 3, implying that Z^tzM = Zi,Z^,Z2 or Z3. Since (6'Aoo,Aio) = 0, 
Zncm cannot be Z4. Now we employ |17| Proposition 3.3]. First, we use 6^ and obtain: 

[e] := M = [Aoo^iAoo] © [Aio^Aio] © [A2o':iA2o] = 3[Aoo] © 3[Aoi] © 3[Ao2]. 
For Z = ^2 or ^3, 

-^(ij.fer) [AjjAfcr] 

i,j,k,r 

has been computed in the proof of Proposition 15.11 It is in either case different from the 
above computation of [e]. So Zjsiqm cannot be the permutation modular invariants Z2 and 
Z3. Therefore •ZArcArxi({o}xZ3) = ^5- & similar way, we prove that N C N yi (Z3 x {0}) 
produces ^4. □ 

Proposition 5.3 The modular invariants Zq,Zj,Zs are sujjerable. 

Proof. We already know that Z2 and Z-^ are sufferable, then so is Z3Z2 = Zq by Section IHI 
The same with Zj = Z2Z^. □ 

Corollary 5.4 For i = 1,2,3,4,5, the symmetric quantum Z3 double modular invariant 
Zi is produced by the subfactor N C N xi Hi. Moreover Hq produces Zq , Z-j and Zg . 

The global index of n^n is a; = 9. In the Hi, H2, H^, Hq cases, we have j^.jX^ = m^m ~ 
w^M and as sectors they are Z3 x Z3. In the cases H4, H^, Hj, Hg, j^/^V^/ = {(0,0)}, the 
sectors of ^f^^ are isomorphic to Z3 and those from mX^i isomorphic to Z3 x Z3. The 
indecomposable nimreps can be derived by |27| Proposition 4]. We also have Table [21 for 
the (unique) fusion among the (sufferable) quantum Z3 modular invariants. Note that 
H'^iWj^ X ^3,5^) =^3 is responsible for H^ producing three different modular invariants. 
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Table 2: Fusion ZaZ\ of Z3 level modular invariants 
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Table 3: Fusion ZaZ\ of Z3 levels 1 or 2 modular invariants 

5.2 Quantum Z3 double level 1 and 2 modular invariants 

We have that H'^iJ.'i, S^) = Z3 = {0, 1, 2} by e.g. m. For /c = 1 (the level 1 case), all the 
primary fields are simple currents again and the S and T matrices are as follows: 
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T = diag(l, 1, 1, u, V, w, v, u, w), 



where u = exp[27ri/9], v = exp[87ri/9], w = exp[47rz/9], z = exp[— 27rz/3]. 

These modular data arise from the affine SU {9)i. The modular invariants are: 

= T.LjXijXij, Z2 = XooXoo + (X01X02 + X10X21 + X11X20 + X12X22 + c-c.) and Z3 = 

XiOXjO- 

Since Tio^io is a 9th root of unity, by |52l Lemma 4.4] we can choose representatives in 
each simple current sector such that {Xij} ^ Zg. Moreover the sector [9] = 0,y[Ajj] is a 
dual canonical sector of the subfactor N C N yi Zg. This produces in turn the above Z2 
permutation invariant. Also as {Aqo, Aqi, A02} is a subgroup of Zg, [9] = [Aqo] © [Aoi] © [A02] 
is a dual canonical endomorphism of C x ({0} x Z3) which produces the above Z3 
modular invariant. In this way, we conclude that all the quantum Z3 double level 1 modular 
invariants are sufferable and their fusion rules are as in Table |31 The level k = 2 modular 
data is obtained by the complex conjugation of those for the level k = \ case. 
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6 Subfactors and nimreps for the quantum 5*3 double modu- 
lar invariants 

6.1 The modular data and the Verlinde fusion matrices 

The symmetric group 5*3 = Z3 x Z2 case has eight primary fields: (e,'0i) for i = 0,1,2 
where tpo, ipi, ■02 are the characters associated to the trivial, sign and two dimensional 
representation (resp.) of S3; ((123), ipk), A; = 0, 1, 2 for the 3 characters of Z3; and ((12), 99'^.), 
for the 2 characters of Z2. We label these primary fields <I> by 0, 1, . . . , 7 as in jl4j . The 
modular data are: 
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T = diag(l,l,l,l,exp[27r\/^/3],exp[47r^^/3],l,-l). 

The primary fields and 1 are the only simple currents of our model. Next we determine 
explicitly all Verlinde fusion matrices [HH], -^ij i = 0, 1, . . . , 7 since they will be employed 
in the calculation of the dimensions of intertwiner spaces later. They are computed from 
the Verlinde formula [S^ and can also be derived from [381 Page 279], which as quadratic 
forms are: 

No = \XQ? + \Xi? + \X2? + \XZ? + \Xi? + \Xb? + \XQ? + \X7?, 
Ni = XoXi + XiXo + |X2|^ + Ixsl^ + |X4p + Ixsl^ + X6X7 + X7X61 

^2 = X0X2 + X2X0 + X1X2 +X2X1 + IX2p +X3(X4 + X5) + (X4 + X5)X3 + X4X5 + 
X5X4+ 1X6 +X7p, 

^3 = X0X3 + XSXO + X1X3 + X3X1 + IXsl^ +X2(X4 + Xs) + (X4 + X5)X2 + X4X5 + 
X5X4+ |X6 + X7|^ 

^4 = XOX4 + X4X0 + X1X4 + X4Xl + |X4|^ +X5(X2 +X3)* + (X2 +X3)X5 + X3X2 + 
X2X3 + 1X6 + X7|^ 

^5 = X0X5 + X5Xo + X1X5 +X5X1 + IXsl^ +X4(X2 + Xs) + (X2 +X3)X4 + X2X3 + 

X3X2 + IX5p + 1X6 + X7p, 
^6 = XoXe + X6X0 + X1X7 + X7X1 + (X2 + X3 + X4 + X5)(X6 + X7) + 

(X6 + X7)(X2 + X3 + X4 + Xs)*, 
^7 = X0X7 + X7Xo + XiXe + X6X1 + (X2 + X3 + X4 + X5)(X6 + X7) + 

(X6 + X7)(X2 + X3 + X4 + Xs)*- 

In particular all the primary fields are self-conjugate and moreover the Frobenius-Schur 
indicator FS\ = 1 for all A G N'^n- 

6.2 The modular invariants of the quantum double 

We present here the quantum S3 double modular invariants. There are precisely 48 mod- 
ular invariants. The identity matrix and the permutation matrix corresponding to the 
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interchange 2^3 are the permutation invariants Zi and Z2 respectively. Then we get 
three new modular symmetric invariants: 

1X0 + XiP + 2|x2p + 2|x3p + 2|x4p + 2|x5p + kiX2X*3 + X3X2 " IX2p - IxsP) 

where k = 0,1,2, producing the matrices Z^,Zq and Zj respectively. We have two more 
symmetric modular invariants {k = ±1), whose matrices we denote by Z3, Z4, respectively: 

\xo + Xi + X2 + X3p + HX2X*3 + X3X2 - IX2p + IxsP)- 

Set si = xo + Xi + X2 + X3, S2 = Xo + Xi + 2x2, = Xo + Xi + 2x3, 54 = Xo + X2 + Xe 
and S5 = Xo + X3 +X6- Then for every pair (i, j), i,j = 1, 2, 3, 4, 5, := SjS* is a modular 
invariant partition function. These 32 modular invariants were found in but the list is 
not complete. The extra sixteen are listed below: 

= IXO + Xl +X3p + X2X3 + X3X2 + IX3p + |X4p + |X5p, 
Z{2) = lxo + Xl+X3|^ + |X2p + 2|x3|^ + |X4p + |X5|^ 
Z{3) = IXO + Xl +X2|^ + |X2p +X2X3 +X3X2 + |X4|^ + |X5p, 

= Ixo + Xi +X2p + 2|x2p + |X3p + |X4p + |X5p, 
Z(22) = Ixo + X2|^ + Ixi +X2p + Ixel^ + |X7|^ 
^(33) = Ixo + X3|^ + Ixi + X3p + Ixel^ + |X7|^ 

%4) = IX0 + X2p + XlX6 + X2X6 + X6Xl+X6X2 + IX7p, 
^(55) = IXO + X3|^ + X1X6 + X3X6 + X6X1 +X6X3 + IX7|^ 

^(32) = (xo + X3)(xo + X2)* + (Xi + X3)(xi + X2)* + Ixel^ + |X7p 

^(23) = ^(32) ' 

%5) = (XO + X3)(X0 + X2)* +X1X6 + X3X6 + X6X1 +X6X2 + IX7p, 
^(54) = ^(45) , 

^(21) = (XO + Xl +X3)(X0 + Xl +X2)* + 2X3X2 +X2X3 + |X4|^ + |X5p, 
Z{12) = ^(21) ) 

Z(6l) = (XO + Xl +X3)(X0 + Xl + X2)* +X3X2 + X2X2 + IX3p + |X4p + |X5p 
= ^(61) • 

After a basis change as in |141 Page 698], the S and T matrices become permutation 
matrices, corresponding to the permutations (06) (23) (45) and (345) (67) of Sg. Then one 
easily sees that the dimension of the commutant {S,T}' is 11. 



6.3 Nimless modular invariants 

In the sequel we find nimless modular invariants as an application of the nimrep theory 
developed in jjj and [221. We use the graphs of norm 2 whose number of vertices is less 
or equal to six (see or [271 Page 58]) together with their Perron- Frobenius eigenvalues 
as displayed in Fig. (which can be derived from Table 0}. The notation ^A'!I^,D^ refers 
to tadpole graphs as illustrated in Fig. I34L In any possible nimrep, the matrices G[x^ are 
symmetric because the primary fields are self-conjugate. 
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Graph 


Eigenvalues 


Range 


Al^\ n > 1 
n > 4 

X, n > 1 
Dl, n > 3 


2cos(27rfc/(n + 1)) 
0,0,2cos(7rfc/(n - 2)) 
±2,±1,±1,0 
±2,±\/2,±l,0,0 
±2, ±2cos(7r/5), ±1, ±2 cos(27r/5), 
2 cos(fc7r/n) 
0,2cos(27rfc/(2n - 3)) 


< fc < n 
< fc < n - 2 

< fc < n 
< fc < n - 2 



Table 4: Connected graphs with norm two and their extended ADE graphs 

Proposition 6.1 The modular invariants Zq, Z\\, Z14, Z15 and the transposes Z41, Z51 
are nimless. 

Proof. Let us assume that there is a nimrep for the modular invariant Zg , then its exponents 
are {0,1,2,3,4^,5^}. So the spectrum of the matrix G[5] is { — 1^,2'^}. In the sequel if a 
is primary field or eigenvalue with multiplicity n, we abbreviate this by a". Hence G[5] 
has four indecomposable components each of them with norm two. By Fig. |^ (or Table 
HJ we conclude that there is no (n + 1) by (n + 1) matrix with spectrum is {— 1",2} for 
n = 1,2, 3, 4, 5. Therefore Zq is nimless. 

If Zii is nimble then as its exponents are the primary fields {1,2,3}, we find that 
the spectrum of G[2] is { — 1,2^}. Hence, G[2] has 3 irreducible components, one of them 
with spectrum being {—1,2}. There is no 2 by 2 matrix whose spectrum is given by this 
set as seen in Fig. El Let us suppose that there is a nimrep for Z15, so Exp={0,3}. 
Then we are looking for a 2 by 2 symmetric non-negative matrix Gp] with eigenvalues 
S'20/5'00 = 2 and 82^/8^2, = —1- Again such a matrix cannot exist. The same can be 
carried out (it is actually in |^ Page 38]) for Z14 whose exponents are {0,2}. □ 

Proposition 6.2 The modular invariants Z{2i), -2^(61)! ^(3); ^(4)' ^(i)' ^(12); ^(2) o,f^d 
Z(^iQ-^ are nimless. 

Proof. The exponents of the trace 6 modular invariants Z^^^i^, ^(16) = '^{61) 
{0, 1,2,3,4,5}. If a nimrep exists then the spectrum of Gpj is {— 1'^,2'^} so Gpj has three 
connected components. However there is no norm two matrix with spectrum { — 1,2} or 
{ — 1^,2} (see Fig. El . Therefore -Z^(6i) and ^(le) are nimless. The exponents of the trace 
6 matrix Z(3) are {0,1,2^,4,5}. The spectrum of G[7] in a nimrep (if it exists) is also 
{ — 1'^,2^}, therefore Z(3) is nimless by the above argument. The exponents of the trace 8 
matrix Z(4) are {0, 1,2^,3,4,5}. If a nimrep exists, then the spectrum of Gp] is {—1^,2^}. 
Hence Gp] has five connected components. By the above arguments such a matrix G[2] 
cannot exist. So ^(4) is nimless. The interchange of the primary fields 2 and 3 gives us 
the exponents of •^{2)- Therefore Zj^2) is also nimless. The exponents of •^{21) and ^(12) are 
{0, 1, 2^, 6, 7}. If they are nimble, then the spectrum of G[5] is {—1, 2^}. There is however 
no norm 2 graph whose spectrum is {—1,2}. Hence these modular invariants are nimless. 
Finally, from Z(3) we obtain the exponents of by the interchange of the primary fields 
2 and 3. So Z^^) is nimless. □ 
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{±1,±1,±2} {±1,±V3,0,2} DO {-1,0,2, ~ 1.53, ~ 0.34, ~ -1.87} D^'^ {0,0,±1,±2} 



oAAo 

A^^' {(-1± V5)/2,(-l± V5)/2,2} 



O 



D% {0, 2, ~ 1.2, ~ -1.8, ~ -0.44} 



X 



A'-^^ {-2,0,0,2} Dl {0, (-1± v^)/2,2} "A^ {0,±V2,2} D^^> {-2,0^2} 



{-1,0,2} {-1,1,2} 



a(^) {-1,-1,2} 



{-2,2} 



OylO {0,2} 



0Af^{2} 



Figure 34: Connected graphs with norm two and ^^vertices < 6 together with their eigen- 
values (cf. Table lU 

6.4 Nimble modular invariants 

We produce here by hand the list of quantum ^3 double modular invariants that have a 
compatible nimrep. 

Proposition 6.3 The trace one modular invariants ^25,^52, -^34 and Z43 have unique 
nimrep s. 

Proof. The primary field is the only exponent. We have trivially the (unique) nimrep: 
G[o] = = 1, G[2] = G[3] = G[4] = G[5] = 2, Gjg] = G[7] =3. □ 



Proposition 6.4 The trace two modular invariants Z3, Z23, Z32, ^45, ^54, -2^(45) and ^(54) 
have unique nimreps. 

Proof. The exponents of Z3, Z23 and Z32 are {0, 1}, and we obtain (unique) nimrep: 

^[0] = Gfi] = id, G[2] = ^[3] = G[4] = G[5] = 2id, Gjej = G^y] = (^3 • 

We likewise construct the unique nimrep for both Z45 and Z54. Their exponents are {0,6}. 
The spectrum of every G[x] is provided in Table |SJ We therefore find that Gp] = id. 
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y 7 


n 




G[(,] 


1 


1 


G[i] 


1 


-1 


G[2] 


2 





G[3] 


2 





G[4] 


2 





G[5] 


2 





G[6] 


3 


1 


G[7] 


3 


-1 



^(45) > ^(54) 


u 


I 


G[0] 


1 


1 


G[i] 


1 


-1 


G[2] 


2 





G[3] 


2 





G[4] 


2 





G[5] 


2 





G[6] 


3 


-1 


G[7] 


3 


1 



Table 5: Eigenvalues of G\^X\ for Z45, Z54 and ^(45), ^(54) 



1 1 



[6] 



i 



1 2 



1 1 i ' " ^2 



^ , and G[7] = Gyi\G^. 



Finally, the exponents of the trace 2 matrices ^(45) and ^(54) are {0, 7}. The list of the 
eigenvalues of every matrix G\ is as in Table [3 We find the following (unique) nimrep for 
these modular invariants: 



G[ni = id, = ( ^ M , G[2] = G[3] = G[4] = G[5] 



1 1 
1 1 



G 



[6] 



2 1 
1 2 



[7] 



1 2 

2 1 



□ 



Proposition 6.5 The trace three modular invariants Z24, Z42, ^35, ^53, ^44, ^(55) 
.2^(44) have unique nimreps. 

Proof. The exponents of Z44 are {0,2,6}. So the spectrum of each non-negative matrix 
G[x] is provided in Table IHl Using Fig. we can fix (i.e. up to permutations) Gp] as 



G, 



Then by the fusion rules, Gpj • G[3] = G[4] + G[5] = 2G[3]. This equation holds true only 
1 1 1' 

when G[3] = | 1 | using Fig. Moreover, we obtain 




1 




G[2] • Gp] 



^[0] + G[i] + G 



■3 0^ 
^[2] = G[i] +(021 
1 2 



which implies that G[i] 
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Now we look for a 3 by 3 symmetric matrix G[7] with entries from {0,1,2,3} whose 
trace equals 3 — 1 = 2. From the fusion rules 



^[7] • G[7] 



G\o] + G[2] + G'r.si + G[4i + G 



[3] 



^[5] 



^[0] + G[2] + 3G 



(6 3 3\ 

3 2 1 
U 1 2j 



so in particular the entries of G[jj are from {0, 1,2}. We can now easily check that the trace 

/2 1 1\ 

. Finally, let us look for a 3 by 3 matrix 



2 matrix G[7] has to be G[7] 



1 1 

VI 1 oy 



G 



[6] 



^ a b 
b y f 
[c f dj 



whose entries belong to {0, 1, 2, 3}. In this way, by the fusion rules 

^[6] + (^[7] 



(2a b + c b + c\ 

26 y + f y + f 
[2c d + f d+fj 



G[6] • G[2] 



(2 + a h+l 

6+1 y 
\c+l f+l 



But we also know that the fusion rules are commutative, so 



1 2a b + c b + c\ 

26 y + f y + f 
[2c d + f d + f) 



( 2a 



2b 



2c \ 



b+c y+f f+d 
\b + c y + f f + d) 



c+\\ 

f + l 
d j 



leading to the conclusion: a = 2,b = c = d = y = 1, f = 0. 



Z44 





2 


6 


G[o] 


1 


1 


1 


G[i] 


1 


1 


-1 


G[2] 


2 


2 





G[3] 


2 


-1 





G[4] 


2 


-1 





G[5] 


2 







G[6] 


3 





1 


G[7] 


3 





-1 



Z35 , Z53 





3 


3 


G[o] 


1 


1 


1 


G[i] 


1 


1 


1 


G[2] 


2 


-1 


-1 


G[3] 


2 


2 


2 


G[4] 


2 


-1 


-1 


G[5] 


2 


-1 


-1 


G[6] 


3 








G[7] 


3 









Table 6: Eigenvalues of G^x] for Z44, Z35 and Z53 

Next we consider Z35 (and ^53), with its exponents {0, 3^}. The spectra of the matrices 
Gix] are in Table El So using Fig. El Gpj = G^ = id, Gp] = 2id, 

/O 1 1 

^[2] = G[4] = G[5] =10 1 

\1 1 
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Now we look for fusion matrices G 



[6] 



G 



[7] 



By the fusion rules, 



(ah c\ 

b d e 
\c e fj 



with a,b,c,d,e, f = 0,1,2,3. 



G[ni + G[2] + G[3i + Gu] + G 



[3] 



15] 



G[o] + 3G[2] + G 



'[3] 



/3 3 3\ 

3 3 3 
V3 3 3/ 



Now G[g] is symmetric with positive spectrum and its square is the matrix with 3 every- 
where. So by spectral theory, G[g] is unique and has to be the matrix with 1 everywhere. 
Now it is easy to check that this G[g] is consistent with the other fusion rules. Therefore 
the modular invariants Z35 and Z53 are nimble. The exponents of Z24 and Z42 are {0,2^}. 
The spectra of the 3 by 3 matrices G^x^ are in Table [3 We then compute as in the Z44 case 
and get the following nimrep: Gm = Gm = id, G12] = 2id, 











/O 1 


1^ 






G[3] 




G[4] 


= G[5] = 


1 


1 


, G 


[5] = 










U 1 


0; 






Z(55) 





3 


7 




Z24 , Z42 





2 


2 


G[o] 


1 


1 


1 




G[o] 


1 


1 


1 


G[ij 


1 


1 


-1 




G[ij 


1 


1 


1 


G[2] 


2 


-1 







G[2] 


2 


2 


2 


G[3] 


2 


2 







G[3] 


2 


-1 


-1 


G[4] 


2 


-1 







G[4] 


2 


-1 


-1 


G[5] 


2 


-1 







G[5] 


2 


-1 


-1 


G[6] 


3 





-1 




G[6] 


3 








G[7] 


3 





1 




G[7] 


3 









G 



[6] 



/I 
1 



1 n 
1 1 

1 ly 



^(44) 





2 


7 


G[0] 


1 


1 


1 


G[i] 


1 


1 


-1 


G[2] 


2 


2 





G[3] 


2 


-1 





G[4] 


2 


-1 





G[5] 


2 


-1 





G[6] 


3 





-1 


G[7] 


3 





1 



Table 7: Eigenvalues of G^x] for .^(44), -^'(55), Z24 and Z42 

The exponents of the trace 3 matrix .^(55) are {0,3,7}. The list of the eigenvalues of 
every matrix G[x^ is as in Table [Tj Since this table is the same (up to a permutation of the 
primary fields) as that for Z44, we conclude that ^(55) is nimble. We have Exp={0, 2,7} 



for the trace 3 matrix Z, 



The eigenvalues of G\ are provided in Table d Thus, a 
permutation of matrices of ^(55) give rise to a nimrep of ^(44) . 

□ 

/ A r\\ /n 1 \ 

In the following we use A (B B for the block matrix 
block matrix 




B 



and A 



1 

1 



for 



A 
A 



Proposition 6.6 The trace four modular invariants Z13, Z^i, Z\2, Z21, ^(32) oind ^(23) 
have unique nimreps. 

Proof. The primary fields {0, 1,2^} are the exponents of both Z12 and .^21- The eigenvalues 
are in Table |SJ We have following nimrep for Z21: 



Gu 



G 



[1] 



id, G 



[2] 



2id, 
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G 



[3] 



G 



[4] 



G 



[5] 



/2 



VO 






1 
1 





1 



1 



1 
1 

0/ 



Gu 



G 



[7] 



2 
2 
V2 



2 






2 






2\ 





0/ 



A nimrep for Z13 is obtained from that of Z12 by interchanging the primary fields 2 and 3. 

The exponents of the trace 4 matrices ^(32) and ^(23) are {0, 1, 6, 7}. The spectra of the 
matrices G^x] are in Table |H1 We find the following nimrep for these modular invariants: 



Gu 



id, G 



[1] 



1 

1 



1 

1 



G 



[2] 



G 



[3] 



G 



[6] 



2 1 
1 2 



1 

1 



G 



[7] 



1 2 

2 1 



G 



[5] = 

1 

1 



1 1 
1 1 



T 1^ 



□ 



Zl2, Z21 





1 


2 


2 


G[o] 


1 


1 


1 


1 




1 


1 


1 


1 


G[2] 


2 


-2 


2 


2 


G[3] 


2 


2 


-1 


-1 


G[i] 


2 


2 


-1 


-1 


G[5] 


2 


2 


-1 


-1 


G[6] 


3 


-3 








G[7] 


3 


-3 









^(32), ^(23) 





1 


6 


7 


G[0] 


1 


1 


1 


1 


G[i] 


1 


1 


-1 


-1 


G[2] 


2 


2 








G[3] 


2 


2 








G[4] 


2 


2 








G[5] 


2 


2 








G[6] 


3 


-3 


1 


-1 


G[7] 


3 


-3 


-1 


1 



Table 8: Eigenvalues of G\^X\ for Z12, ^211 -^(32) and ^(23) 



Proposition 6.7 The trace six modular invariants ^(22); Z2, Z/^, Z-j, Z22, -^33 and ^(33) 
have unique nimreps. 

Proof. The exponents of the trace 6 matrix Z(^22) are {0,1,2^,6,7}. The spectra of the 
matrices G^x] are as in Table |H1 Then, Gjq] = id and we can fix 













/I 


1 


1^ 




/I 


1 


1\ 


G[3] - 


= G[i] = 






1 








e 


1 


















u 









u 







the fusion rules G^j 


- Gl3] - 




G[o] 




G[i] 


we see that 












n 





0] 




n 





0^ 








G[i] = 










1 


e 








1 












lo 


1 


0) 






1 


0; 







Next let us use the fusion rules G[2]G[i] 
obtain the (unique) matrix 



G[2] and G[2] ■ Gp] 



^[4] + G 



[5] 



2G[3]. We then 
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|e| 
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VO 
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1 
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'7 
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1 
i 


/I 





D 
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G[o] 
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1 
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1 


1 


G[ij 
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1 


1 


1 


-1 


-1 


G[2] 


2 


2 


-1 


-1 








G[3] 


2 


2 


-1 


-1 








G[4] 


2 


2 


-1 


2 








G[5] 


2 


2 


2 


-1 








G[6] 


3 


-3 
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-1 


G[7] 
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-3 








-1 


1 



'7 

^(22) 
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G[(,] 
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G[i] 
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-1 


-1 


G[2] 
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2 
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G[3] 
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-1 


-1 








G[4] 
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-1 


-1 








G[5] 
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2 


-1 


-1 








G[6] 


3 


-3 








1 


-1 


G[7] 


3 


-3 








-1 


1 



Table 9: Eigenvalues of G^\t^ for Z2 and ^(22) 



Next we use the commutation of G[6] with G[i] , G[2] and G[3] , together with the fusion rule 
G?g, = G[o] + G[2] + 3G[3] to get the matrix 



G 



[6] 



/2 1 1\ 

1 1 
\l 1 oj 



1 

1 



Finally, the fusion rule GjejGjij = G\jt^ alone determines G[7], namely: 



G 



[7] 



/2 1 1\ 

1 1 
U I) 



1 

1 



Therefore Z(22) is nimble. Since ^(33) is obtained from ^(22) by permuting the primary 
fields 2 and 3, we conclude that .2^(33) is also nimble. In a similar manner we obtain the 
following nimrep for the permutation invariant Z2: G\q\ = id, 
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The exponents of Z4 are {0,1,2^,3^}. The spectra of the fusion matrices Gyx\ are in 
Table IIUI We can compute and find that the following set of matrices form a nimrep for 

^4, G[o] = G[i] = id, 
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G[4] = G[5] 
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Q 

o 


Q 

o 


Q 

o 


G[o] 


1 


1 


1 


1 


1 


1 


G[ij 


1 


1 


1 


1 


1 


1 


G[2] 


2 


2 


-1 


-1 


-1 


-1 


G[3] 


2 


2 


2 


2 


2 


2 


G[4] 


2 


2 


-1 


-1 


-1 


-1 


G[5] 


2 


2 


-1 


-1 


-1 


-1 


G[6] 


3 


-3 














G[7] 


3 


-3 















Table 10: Eigenvalues of G\^^ for and Z33 

The modular invariant Zj has exponents {0,1,4^,5^}. Also, the nimrep for the modular 
invariant Z-j is obtained from Z4 by exchanging the exponents 2 with 5, 3 with 4, 4 with 3 
and 5 with 2. 

The exponents of Z33 are {0, 1, 3^}. The eigenvalues are displayed in Table [TUl We thus 
find that G[o] = = id, G[3] = 2id, 



G 



[2] 



G 



[4] 



G 



[5] 



/o 1 n 
1 1 
U 1 Oyl 



[6] 



[7] 



/I 1 1\ 
1 1 1 

U 1 1/ 



1 

1 



When we interchange the primaries 2 and 3 we get a nimrep for ^22- 



□ 



6.4.1 Nimble and insufferable modular invariants 

We fix the system i^jX^ arising from the quantum 5*3 double, regarding the primary field i for 
i = 0, . . . , 7 as a morphism Aj G n^'^n (see [S] and Fig. Since a modular invariant that 
can be produced by a subfactor is nimble we immediately get that those from Proposition 
16. II and 16.21 are insufferable because they are nimless. 

We now find a. 9 £ T,{n^n) that cannot be a dual canonical endomorphism of any 
braided subfactor. 

Lemma 6.8 The sector [Xq] © [Ai] © [A2] © [A3] cannot be that of the dual canonical endo- 
morphism of a subfactor 

Proof. Let us suppose that [9] = [Xq] © [Ai] © [A2] © [A3] is a dual canonical sector of some type 
III subfactor with inclusion map t. Using Verlinde fusion matrices {6X0, Aq) = 1 so [lXq] = [l] 
is irreducible, {9Xo,X2) = {6Xo,Xs) = 1, thus [lXq] is in the irreducible decomposition of 
[;.A2] and [;.A3]. Moreover {6X2, X2) = {8X2, X2) = 3, {9X2, Xs) = which is incompatible 
with the fact that [iAo] appears in the decomposition of both [iA2] and [iA3]. Therefore, 9 
cannot be a dual canonical endomorphism of any subfactor. □ 

Proposition 6.9 The nimble modular invariants Z3, Z^, Z\2, Z21 and Z31 cannot be 
realised by subfactors. 

Proof. Assume any one of the listed invariants is realised by a subfactor C M. Then si 
is visible in either the first row or first column. The type I parent theorem jlj Theorem 4.7], 
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Tr{Z) 


Tr(ZZ') 




8 


9 


12 


18 


20 


36 


1 








■^25 5 ^34 , ^43 , -^52 






2 




Z45, Z54, Z(45), ^(54) 








^23 , -^32 


3 




■^44, ^55, ^(44), -^(55) 




Z24, ^42, ^35, -^53 






4 






^(32) , -^(23) 








6 






^(22) , ^(33) 




^7 


^22, -^33 


8 


Zx 












10 










^5 





Table 11: The (Tr(Z), Tr(ZZ*)) of nimble 6*3 modular invariants 



yields an intermediate subfactor N C P C M such that N C P has dual canonical sector 
described by si, i.e. [Aq] © [Ai] © [A2] © [A3]. This is however impossible by Lemma lOl □ 

6.5 Subfactors producing quantum ^3 double modular invariants 

We propose in this Section to study the remaining modular invariants of S3. As above we 
fix the system n^n arising from the group 5*3 and look for subfactors C M of type III 
with inclusion map t whose dual canonical endomorphism 9 = II £ T,{j\fXi\f) such that the 
associated modular invariant Zj^cM = (q^a ''^m^ produces an invariant from the list of ^3. 
The fundamental inclusion (the quantum double of the subfactor Mq C Mq x ^3) is the 
subfactor := Mq x A(53) C Mq x (^3 x S3) =: M where Mq is a type III factor [12]. In 
Table ^2 we provide the list of 28 quantum ^3 double modular invariants that are nimble 
and possibly sufferable that will be studied further here. 

Proposition 6.10 The above fundamental subfactor realises the symmetric modular in- 
variant Z55. The dual canonical endomorphism 6 is visible in the vacuum block of Z^^ (so 
that chiral locality holds). 

Proof. The irreducible A^-A^ sectors of A^ C M are labelled by 53 U Z3 U Z2 whereas the 
N-M ones are labelled by 5*3 and finally the M-M irreducible sectors by 5*3 x 5*3 j^. The 
N-M star vertex (i.e. the trivial representation of S3) is connected to the A^-A^ star vertex, 
i.e. [Ao], the trivial representation of Z3, i.e. [A3], and trivial representation of Z2, i.e. [Ag]. 
Hence the dual canonical sector of A^ C M is [0] = [Aq] © [A3] © [Xq] . Let us compute the 
modular invariant Z^vcA/ for this braided subfactor. From Verlinde fusion matrices, A'o, N3 
and Ne, we obtain (^Aq, Aq) = (^Ai, Ai) = {6X2, A2) = {0X4, A4) = {6X5, A5) = 1, {6X3, A3) = 
(0A6,A6) = (^A7,A7) = 2, (^Ao,Ai) = (^A^Aa) = {9Xo,X4) = (0Ao,A5) = 0, (0Ao,A3) = 
(^AcAe) = 1, {OXoAy) = {0Xi,X2) = {6X1, X^) = 0, {OXuX^) = (0Ai,A6) = 0, (0Ai,A3) = 
{6X1, Xj) = 1. So [iAo], [tAi], [<,A2] are irreducible N-M sectors and [L.X3] = [lXq] © [iXi]. 
Computing further, (6'A2,A3) = 0, (0A2,A4) = (0A2, A5) = {6X2, Xq) = {6X2, X7) = 1, hence, 
[/-A4] = [iAs] = [z,A2], [lXq] = [lXo] © [1X2] and [Z-A7] = [tXi] © [tA2]. Therefore Tt{Zncm)=3 
which implies that ZjycM = -^(44)) -^(55)) -^441 -^55, -^24, -^351 -^42 or Z53. Next we use the 
inequality {a^,a^) < {OX,fi) valid by |S1 Eq. (37)] to eliminate more matrices from the 
above list: since {6Xo,X2) = but [^44]o,2 = [■^24]o,2 = !> Z^cM cannot be either Z44 nor 
Z24; also, {9Xo, Ai) = and [Z42]o,i = [■^53]o,i = 1, so Z^aM cannot be Z42 or Z53; finally, 
as (0Ai,Ao) = and [.^35]i,o = Ij Z^cM cannot be Z35. Similarly we use the 02-entry of 
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Z(44) to rule it out. Finally, using the curious identity ^1 Proposition 3.3] we conclude 
that indeed Z^qm = -^55- D 

Proposition 6.11 The modular invariants Z\ and Z5 are realised by subfactors. 

Proof. The identity modular invariant Zi can always be obtained by the trivial subfac- 
tor N = M. The simple currents are Aq and Ai, which form the commutative group 
Z2. By Lemma Em [0] = [Aq] © [Ai] is dual sector since = 1. Now we use Ver- 
linde fusion matrices A'^o and A^i and obtain: (0Ao,Ao) = (^Ai,Ai) = {OXq^Xq) = {6X7, X^) 
= {6Xo,Xi) = {OXqjXj) = 1. Therefore, [lXq] = [iXi] and [lXq] = [lXj] provide two irre- 
ducible N-M sectors where l denotes the inclusion map N ^ M. On the other hand, 
(6'A2,A2) = (6' A3, A3) = (6'A4,A4) = (6'A5,A5) = 2, so the sectors ^2], Ms], [tA4], [tAs] de- 
compose into two irreducible N-M sectors (which at this stage might be equal). However 
since {dXo,X2) = {eXoAs) = {OXqAa) = {OXo,h) = {0Xe,X2) = {0Xe,X3) = (^A6,A4) = 

{eXe,X5) = {6X2, X3) = {6X2, X4) = {0X2, X5) = {0X3,X2) = {0X3, Xi) = {eXs,X5) = o, 

{OXi, A2) = (^A4, A3) = {9Xi, A5) = 0, (^As, A2) = {9X5, A3) = {9X5, A4) = 0, we get a further 
2-|-2-|-2-|-2=8 new irreducible N-M sectors, making a total of 10. Hence Z^c^m = Z5 since 
it is the only trace 10 quantum 5*3 double modular invariant. □ 



Proposition 6.12 The modular invariant ^(33) is produced by the subf actor N = Mq x 
53 C Mo X (53 • (Z3 X Z3)). 

Proof. We consider the following intermediate subfactor 

N = Mo X AiSs) Mo X (^3 • (Z3 x Z3)) C,, Mq x (^3 x ^3) = M. 

Then [titi] is a subsector of [9ncm] = ['^2'4t2'-i] = ['^i'^2'-2''i] because [Aq] is a subsector of 
[i2'-2]- Sincedr^ti = 3 we have that the dual canonical sector of Mq x 53 C Mo x (5'3-(Z3 XZ3)) 
is [9] = [Xq] © [A3]. So now we use again the Verlinde fusion matrices Nq and A''3 and com- 
pute the dimensions of the intertwiner spaces in order to get the N-M induced system: 
{eXo,Xo) = {eXi,Xi) = {0X2, X2) = {9Xi,Xi) = {9X5, X^) = 1, (eA3,A3) = (^A6,A6) = 
(^A7,A7) = 2, (eAo,Ai) = (0Ao,A2) = (^Ao,A4) = (^Ao,A5) = (^AcAg) = (^AcAy) = 0, 
(^Ao,A3) = (^Ai,A3) = 1, (^Ai,A2) = (^Ai,A4) = (^Ai,A5) = (^Ai,A6) = {9Xi,X-r) = 0, 
(eA2,A3) = (^A2,A6) = (^A2,A7) = 0, (^A2,A4) = (0A2,A5) = {9Xe,X7) = 1. Then [^o], 
[iAi], [iX2] are distinct irreducible sectors and [;,A3] = [tAo] © [iXi], [iAs] = [iXi] = [iX2], 
[iAg] = [a] © [b] and [iXj] = [a] © [c] with [a], [b] and [c] three new irreducible sec- 
tors. Therefore, TT{ZMoxiS3CMo>i{S3-{Z3xZ3))) = 6, implying that ■^A/ox53CAfo>^(53-(Z3xZ3)) = 
■^'(22)! ■2'(33), -^2, -^7, ^22 or Z33. Recall that in general {a'^,a'l^) < {9X,fi) (see [HI Eq. (37)]). 
So since for our concrete 9, {9Xo,Xi) = then -^Moxi53cA'/oxi(53-(Z3xZ3)) cannot be Zj, Z22, 
Z33 because the 01-entry of those matrices is 1. The .^(22) rnatrix is ruled out using its 
02-entry. Hence Z = ^2,^(33). We will use the curious identity ^Zl Proposition 3.3] (see 
Sect. 12. 2|) to eliminate one of them. The RHS of that identity using Z2 is 

{Z2)xJXfi] = 6[Ao] © 2[Ai] © 2[A2] © 2[A3] © 5[A4] © 5[A5]. 
\,fi 
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The LHS is (with [9\ = [Aq] © [A3]): 

[xx] = [XoOXo] © [A16IA1] © [A26IA2] © \aa\ © [hi] © [cc] = 

3[Ao] © [Ai] © [A2] © 4[A3] © [A4] © [A5] © [aa] © [hb] © [cc]. 

Since A3 appears at least four times on the LHS, and only twice on the RHS using the 
modular invariant Z2, we conclude using the curious identity |171 Proposition 3.3] that 
indeed Z = ^(33). □ 

Proposition 6.13 The permutation modular invariant Z2 is sufferahle. 

Proof. Let us consider the endomorphism = Aq © A4 G S(jvAjv). We prove now that 9 is 
indeed a dual canonical endomorphism using the results of Sect. 01 First we equip 6 with 
a Q-system structure. The final Eq. in ((11)) reduces to 

with i,j, k,l,p = 0,4 and the F's are the 6j-symbols arising from the fusion rules of the the 
quantum S3 double model. In the sequel we will use the normalisations from Eq. (2.38)] 
(cf. mi Eq. (3.4)]: f['/'^^ = 6,,u ^T^' = F^f = 5,j. As in M Eq. (3.11)], 
p(ni)j _ ^ dk/{didj) whenever Nfi^ / by considering the diagonal case Gx = Nx- Then 

we also have the identity F^^q Fq^ = Fqq = 1/di which holds true by the pentagon 
equation 



00 



Now we find the unitary matrix F*^^^^)^. Note first that since Ao,Ai and A4 are self 
conjugate, the entries of F^^^^^^ are real numbers by j49[ Eq. (3.13)]. So far we have 

= Vduwk) = i/v-2 = Fr^^ Fir^ = = 1/2, f^^ = Fsr^ = 1/2. 

Note that 

E Fsr)^Fr)^ = 

s=0,l,4 

SO F^^'^^'*^ 7^ and we have the following four equations by the orthogonality relations 

p(444)4p(444)4 ^ ^(444)4^(444)4 ^ ^(4444)4^(444)4 ^ ^ ^(444)4/^ + ^2^^' /2 = (18) 

p,(444)4p(444)4 (444)4^,(444)4 (444)4^(444)4 _ . ,9 , p(444)4 

=FirvFir^Mr^'=i, (19) 

P,(444)4p(444)4 (444)4^(444)4 (444)4^,(444)4 _ , . 

i^lO ^01 +^11 ^11 +^14 ^^41 - 1> (2U) 

p(444)4p(444)4 (444)4^,(444)4 (444)4^(444)4 _ , . 

^10 ^04 +^11 ^14 +^14 ^44 (21) 



43 



Now we can insert the value of F^'^'*^^^ from Eq. (fTH|) in Eq. ((T^ to obtain 2F^^^^^^ + 
3^^(444)4^2 ^ o_ T^g^ f(444)4 ^ ^ ^(444)4 ^ ^et US suppose that Fir^^ = -2/3. 

Then replacing this value in Eq. ()18|) we find F[f'^^'^ = ^/2/3. But then solving Eq. ^ and 
Eq. ((HI we get different values for Fjf Hence F^^"*^^^ = and thus fJ^"*^^^ = -V2/2 
and fS^ = 1/2. So the matrix F(444)4 



p{444)4 



.p(M4)4 j,(444)4 j,(444)4 X 
p(444)4 p{444)4 p{444)4 1 
p(444)4 p{444)4 ^{444)4 I I 




Since we get exactly the same (above) equations when we replace the A3 by A2, we con- 
clude that F(444)4 ^ f(333)3^ i^gj^(,g 

since [Aq] © [A3] is a dual canonical sector by Proposition 
16.121 we can conclude that [9] = [Xq] ® [A4] is a dual canonical sector of a braided subfactor 
N C M by Sect. 121 We now find the modular invariant attached to 9. We compute and see 
that (^Ao,Ao) = (^Ai,Ai) = (0A2,A2) = (eA3,A3) = (eA5,A5) = 1, (0A4,A4) = (^A6,A6) = 
(eA7,A7) = 2, (0Ao,Ai) = (^Ao,A2) = (^Ao,A3) = (^Ao,A5) = (^Ao,A6) = (^A^At) = 0, 
(eAo,A4) = 1, (^Ai,A2) = (^Ai,A3) = (^Ai,A5) = (^Ai,A6) = (0Ai,A7) = 0, (0Ai,A4) = 1, 
{6X2, X3) = {9X2, X^) = {6X3, X5) = {9Xq,X7) = 1. Then we conclude that [lXq], [lXi] and 
[iA2] are distinct irreducible N-M sectors. We also have [iAs] = [1X3] = [1X2], [tAg] = [a]©[^] 
and [lXy] = [a] © [c] with [a], [b] and [c] new irreducible N-M sectors. Then Tr(Z) = 6 so 
Z = Z(^22),Z(33),Z2,Zr,Z22 or Z33. Since (6'Ao,Ai) = 0, Z cannot be Z7, Z22, Z33 by |H1 
Eq. (37)]. Also because (^Aq, A2) = = (0Ao,A3), Z cannot be Z^22) and ^(33) again by |S1 
Eq. (37)]. Hence Z = Z2. □ 



Remark 6.14 We can likewise prove that 9 = Aq © A5 E T,(j\fXj\f) is a dual canonical 
endomorphism. It also produces the permutation modular invariant Z2 

Proposition 6.15 The modular invariants Z(^2) -^(44) (^'^^ sufferable. 

Proof. The modular invariant Z(22) is sufferable because is a product of sufferable modular 
invariants .^(22) = ■^2'^(33)'^2 (see previous Propositions K.Vl\ and IHTTHI) . We now prove 
that .^(44) is sufferable. We already know that ^'(22) is sufferable and moreover it is a 
type I modular invariant with [6] = [Xq] © [A2]. The global indices of m^m, m^m 

are lo = 36,uj± = 36/3 = 12, = 12^/36 = 4 respectively. We compute the X^- 
chiral systems and conclude that the irreducible decompositions are as follows: [oq], [af], 
[af] = [ao] © [af], [af] = [af] = [af], [4] = [aj^^^] © [aP''>] and [a_±] = [a^'^] © [af^^ 
From the entries of the modular invariant ^'(22) ) we see that [af] = [a^^ ] denoted henceforth 

by [ai], [a^^^^] = [ae*^^^] denoted from now by [a^Q^] and similarly [07^^]. Thus j^X^ = 
{aO) oi) 06^\ ct7^^}. Also the A'^'^-chiral systems are j^X^ = {ao,ai,a^Q\a'^\a^ ,0^^^^}. 
In particular, the branching coefficient matrix b = [6t,a] with br,x = {t, a^) , t £ m'^m'- 

(22) 



/I 1 0\ 

1 1 

1 

VO 1/ 
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'3 7 

0^23 


7 


'3 7 

3^25 


ry 

Z2i 


ry 
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ry 
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7 

^32 
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z^32 


z^33 
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9 7, ^ 
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0Z34 
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0^33 
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D^34 
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0^35 
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3Z54 
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3Z42 
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Z44 + Z24 
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3243 


3Z44 


3Z45 


•^(22) 
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Z22 
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3^22 
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Z44 + Z45 


245 


3^23 


3Z24 


3Z25 


^{33) 


2(33) 


2(32) 


233 


232 


232 


3233 


254 


255 + 235 
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Z34 
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•^(55) 


2(55) 


2(45) 


253 


Z52 
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3253 
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255 + 235 
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Z54 


255 


2(54) 


2(54) 


2(44) 
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Z42 


Z42 


3Z43 
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225 + 245 
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Table 12: Fusion ^a^b of modular invariants from Table ITTI 

By jni, there is a non-degenerate braiding on the neutral system j^X^ of Z(^22)- Let S^^^ 
and r^^* be the modular matrices of the extended system j^^^^f- So by Theorem 6.5], 
^cxt^ _ 55'^2"cxtfj _ Since we are in the fortunate situation that 



(2 


1 





o\ 


1 


2 














1 





U 








1/ 



is invertible, we can solve the above equations and get S^^^ and T^^^ uniquely. They are 
the modular data of the quantum double of Z2 presented in [H] or [3J Page 285] or Eq. 
by permuting the second v and fourth c labels. Since 



M = 



(I 








o\ 








1 








1 








u 








1) 



is sufferable by [3], so is b^Mb = .^(44). If C M produces .Z'(22)) then N C M x„Z2 realises 

Z(44) whose dual canonical endomorphism is 6 = agcxt with [0™*] = [Aq] ® [a^ ] and a is 
the (T-restriction |2] defined by ap = T(3l. We compute and find that [6] = [Aq] © [A2] ® [A7] 
is the dual canonical sector of C M xi Z2. □ 
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In Tables IT^ and IT^ we present products ZaZ^ of the 28 matrices of Table ITTI together 
with their (unique) decomposition into normalised modular invariants. Since by Sect. El 
products of sufferable modular invariants are sufferable, we conclude that all the 28 nimble 
modular invariants of the Table ITT] are sufferable as follows. We already know that Zi, Z2, 
Z5, Z55, Z(44), Z(22), -2^(33) are sufferable. The modular invariant Z^ is sufferable because 
Z'j = Then ^(23) = -2^(22) -^(33) is sufferable and thus so is its conjugate .^(32) = -2^(23) ■ 

As .^7.^55 = .^25 we also conclude that Z25 and its conjugate Z52 are sufferable; so is Z22 by 
the type I parent theorem 1^. As Z^Z^2 = -^325 -^32 and its conjugate Z23 are sufferable; so 
is Z33 by the type I theorem. As Z^^Z^ = Z35, Z35 and its conjugate Z53 are also sufferable. 



Then Z^Z, 



5^(44) 



^24: 



Z(44)Z; 
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Z43 and Z55Z24 — Z54, so ^24,^42, ^34,^43,^54,^45 are 



sufferable. Again by the type I parent theorem [3], Z44 is sufferable. As ^(44)^(33) 



-(54) 



we conclude that ^(54) and its conjugate ^(45) are sufferable. The same with ^(55) since 



Z, 



(55) 



-2'(33)-2'(54)- 



Remark 6.16 In the framework of |3H]i every (conjugacy class) subgroup of ^3 x 53 gives 
rise to a sufferable modular invariant (although different subgroups may well give the same 
modular invariant). The trace of Z attached to H is easily computed: we choose represen- 
tatives {(?} of the double cosets A(53) \ S^ x S3/H then 



Tt{Z) = #irred(A(53) n gHg-^ 



With our approach we managed to show that the trace 4 modular invariants ^(32) and 
Z(23) are sufferable which do not appear in Ostrik's Table 4.4 in 



where there are 



20 subgroups of S3 x ^3. However, there are two more (conjugacy classes) subgroups 
H21 = (Z3 X 0) • (A(Z2)) and H22 = (A(Z2)) • (0 x Z3), both isomorphic to 5*3 which 
are missing in [481 Table 4.1], which produce Tr(Z) = 4 modular invariants. Therefore 



Z = Z, 



(23)) ^(32)- 



For the sake of completeness, we summarize the 48 modular invariants in each category: 
nimless, spurious nimble and sufferable. The span of the sufferable modular invariants is 

{s,Ty. 



Corollary 6.17 1. The nimless S3 modular invariants are the I4 matrices 





Zii 


Z\A 


^15 


Za\ 


^51 


Z(21) 


Z{3) 


Z(i) 


Z{i) 


Z(l2) 


Z(2) 


^(16) 


Z(6\) 



2. The nimble but insufferable modular invariants are the 6 matrices 



Z-j, Zi Z\2 Zis Z21 Z31 



3. The sufferable modular invariants are the 28 matrices 



Zi 


Z2 


Z7 


Zs 


Z22 


Z23 


Z32 


Z33 


Z{22) 


Z(33) 


^55 


Z24 


Z2S 


Z34 


Z35 


Z42 


Z43 


Z44 


Z45 


Z52 


Z53 


Z54 


Z{32) 


Z(4b) 


Z(44) 


Z{55) 


^(54) 


Z{23) 



6.6 The full systems for the sufferable modular invariants 

The global index uj = J2,^ ^Orj/^oo °f system n-^n is 36. 
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X 


^23 


Z43 








Z54 






•Z45 


Z{23) 




Z22 


Z24 


Z25 


Z52 


Z53 


Z55 


Z42 


■^43 


Z44 


Z(22) 


■^5 


2^32 


2Z34 


2Z35 


Z22 


Z23 


Z25 


Z32 


■^33 


^34 


Z32 


Z^ 


2-^22 


2Z24 


2^25 


Z32 


Z33 


Z35 


Z22 


■^23 


Z24 


Z22 


Z-22 


2Z22 


2Z24 


2^25 


3Z22 


3Z23 


3Z25 


Z22 


^23 


Z24 


Z22 


Z:a 


6^32 


6Z34 


6Z35 


Z32 


Z33 


Z35 


3Z32 


3^33 


3Z34 


3Z32 


Z44 


Z42 


Z44 


•Z45 


3Z42 


3Z43 


3Z45 


2Z42 


2^43 


2Z44 


Z44 


•Z55 


2^52 


3Z54 


3.Z55 


2^52 


2^53 


2^53 


3Zs2 


3^53 


3Z54 


Z52 + Zr,4 


Z23 


6Z22 


6Z24 


6^25 


Z22 


Z23 


Z25 


3Z22 


3^23 


3Z24 


3Z22 


Z2i 


Z22 


Z24 


•Z25 


3Z22 


3Z23 


3Z25 


2Z22 


2,^23 


2Z24 


Z24 


•Z25 


3Z22 


3Z24 


3^25 


2Z22 


2Z23 


2Z25 


3Z22 


3^23 


3Z24 


Z22 + Z24 


Z32 


2^32 


2Z34 


2^35 


3Z32 


3Z33 


3Z35 


Z32 


■^33 


^34 


Z32 


Z:i4, 


^32 


ry 

Z34 


ry 

Z35 


Q '7 




Q '7 


7 

2^32 


7 
2^33 


7 

2Z34 


y 

Z34 


y 


•J^32 


•J^34 


Q 7« 






9 7^ 


Q 7 „ 
0^32 


•J^33 


0^34 


y _L 7„ , 
^32 + ^34 


-442 


ZZ,42 


9 7,. 
ZZ/ 44 


9 7.,- 


0^42 




7. ^ 


^42 


7.0 
^43 


y , , 

Zj44 


y ,^ 

^42 


Z43 


GZ42 


QZ44 


6Z45 


■^42 


■^43 


■^45 


3,^42 


3Z43 


3Z44 


3Z42 


Z45 


3Z42 


3Z44 


3Z4S 


22^42 


2^43 


2Z45 


3Z42 


3Z43 


3Z44 


Z42 + ^44 


Z52 


2Z52 


2Z54 


2Z55 


3Z52 


3^53 


3^55 


Z52 


Zi3 


Z54 


252 


Z53 


6^52 


6Z54 


6Z55 


Z52 


Z53 


-^55 


3Z52 


3Z53 


3Z54 


3Z52 


Z54 


•Z52 


^54 


-^55 


3^52 


3Z53 


3,^55 


2Z52 


2^53 


2Z54 


^54 


Z(32) 


^32 


■^34 


•^35 


^52 + -^32 


Zs3 + ^33 


•^35 + Z55 


Zs2 


■^53 


Z54 


2(32) 


Z(45) 


^52 


•^54 


•Z55 


Zr,2 + Z32 


Z53 + ^33 


Z55 + Z3S 


Z32 


■^33 


Z34 


2(45) 


Z(44) 


Z42 


Z44 


•Z45 


Z22 + Z42 


.^23 + ^43 


Z4-, + Z25 


Z22 


■^23 


Z24 


2(44) 


Z(22) 


Z22 


Z24 


•Z25 


Z42 + Z22 


Z43 + Z23 


Z45 + -225 


Z42 


■^43 


Z44 


2(22) 


^(33) 


3Z32 


3Z34 


3Z35 


Z52 


Z53 


-^55 


^52 + 


^53 + 


Zs4 + Z34 


232 + 2(32) 


^(55) 


3Zs2 


3Z54 


3^55 


Z32 


Z33 


■^35 


^52 + 


^53 + 


Zs4 + Z34 


252 + 2(45) 


^(54) 


3Z42 


3Z44 


3Z45 


Z22 


Z23 


-^25 


^42 + 


^43 + 
Z23 


Z44 + Z24 


242 + 2(44) 


^(23) 


3Z22 


3Z24 


3^25 


Z42 


Z43 


-^45 


^42 + 


^43 + 


Z44 + Z24 


222 + 2(22) 



X 


2(54) 


2(44) 


2(22) 


2(33) 


2(55) 


2(45) 


2(32) 


22 


2(44) 


2(45) 


2(32) 


2(23) 


^(54) 


2(55) 


2(33) 


25 


234 


Z24 


Z22 


233 


235 


225 


223 


27 


Z24 


Z34 


Z32 


223 


225 


235 


233 


Z22 


Z24 


3224 


3222 


223 


225 


3225 


3223 


Z33 


3Z34 


234 


232 


3233 


3235 


235 


233 


Z44 


Z42 


244 + 242 


244 + 242 


244 


243 


243 + 245 


243 + 245 


Z55 


Z52 + 254 


252 


254 


253 + 255 


253 + 255 


253 


255 


Z23 


Z24 


224 


Z22 


3223 


3225 


225 


223 


Z24 


Z22 


222 + 224 


Z22 + Z24 


225 


223 


223 + 225 


223 + 225 


Z25 


Z22 + 224 


Z22 


Z24 


223 + 225 


223 + 225 


223 


225 


Z32 


234 


3Z34 


3Z32 


233 


235 


3235 


3233 


Z34 


232 


Z32 + Z34 


Z32 + Z34 


235 


233 


233 + 235 


233 + 235 


Z35 


232 + 234 


Z32 


Z34 


233 + 235 


233 + 225 


233 


235 


Z42 


244 


3Z44 


3Z42 


243 


245 


3245 


3245 


Z43 


3244 


Z44 


Z42 


3243 


3245 


245 


243 


Z45 


242 + 244 


Z42 


Z44 


243 + 245 


243 + 245 


243 


245 


Z52 


254 


3Zb4 


3252 


253 


255 


3255 


3253 


Z53 


3254 


254 


Z52 


3253 


3255 


255 


253 


Z54 


252 


254 + 252 


254 + 252 


255 


253 


255 + 253 


255 + 253 


2(32) 


2(45) 


234 + 2(45) 


2(32) + 232 


2{33) 


^(55) 


235 + 2(55) 


233 + 2(33) 


2(45) 


2(32) 


254 + 2(32) 


252 + 2(45) 


2(55) 


2(33) 


255 + 2(33) 


253 + 2(55) 


2(44) 


2(22) 


244 + 2(22) 


242 + 2(45) 


2(54) 


2(23) 


245 + 2(23) 


243 + 2(54) 


2(22) 


2(44) 


224 + 2(44) 


222 + 2(22) 


2(23) 


2(54) 


225 + 2(54) 


223 + 2(23) 


2(33) 


234 + 2(45) 


2(45) 


2(32) 


233 + 2(33) 


235 + 2(55) 


2(55) 


2(33) 


2(55) 


254 + 2(32) 


2(32) 


2(45) 


253 + 2(55) 


255 + 2(33) 


2(33) 


2(55) 


2(54) 


254 + 2(22) 


2(22) 


2(44) 


243 + 2(54) 


245 + 2(22) 


2(23) 


2(54) 


2(23) 


224 + 2(44) 


2(44) 


2(22) 


223 + 2(23) 


225 + 2(54) 


2(54) 


2(23) 



Table 13: Fusion ZaZ^ of 5*3 modular invariants from Table ITT] (cont . ^ 
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Case Z\ 



The structure of the induced full M-M system for the trivial modular invariant Z\ is given 
by the original Verlinde algebra of modular data. Since (Q:^,a~) = (^a,/^, = Q^a ' ^'^'-^ ^ 
disjoint. Then A i-^ oa is an isomorphism. Hence m^^^m — m'^m — M'^m — n^n for any 
subfactor N C M realising the trivial modular invariant. We display the fusion graph of 
[Ag] in Fig. 1351 The full systems for the permutation invariant Z2 are similar, obtained by 
permuting A2 and A3 in those for Zi. 



[Ao] 



[Xi] [A2I 




Figure 35: Zi, fusion graph of [a\g] 



Case Z5 

The simple current invariant Z5 yields 20 irreducible M-M sectors, whose fusion is non- 
commutative by [71 Corollary 6.9]. The global indices of cj-t = 18, = 9. We compute now 
the chiral systems then the branching coefficients. By the fusion rules, Frobenius 

reciprocity and homomorphism property of the a-induction, we have 



We therefore find, using the original Verlinde fusion matrices, that [a^] = [a^ 



1 J' 



Go 



[a^^^^], [ag] = [oy], with [a^], [a^^*^] and [oq] irreducible sectors (i = l,2;j = 2,3,4,5). 
Since the dimension function is additive, d ±(i) =1 for all i = 1, 2; j = 2, 3, 4, 5. Of course 

d ± = 3. We conclude that the commutative neutral system as sectors is formed with 
9 automorphisms [ao], [a^*^], with i = 1,2; j = 2,3,4,5 which is either Z3 x Z3 or Zg. 
However, irred([a^*^]"') G {[ao]) [cKj*^]};^ = = 2,3,4,5. This implies that it cannot be 

Zg therefore is has to be Z3 x Z3. Hence the system j^X^i = m^m ^ W^}^ with the other 
fusion rules given by [a^*-'][ag] = [ag][aj*-'] = [ag],* = l,2;j = 2,3,4,5. 

Next we compute the other 9 irreducible induced M-M sectors. Using Frobenius reci- 
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procity and the homomorphism property of the a-induction 

(a6«6 >"6«6 ) = ("6 "6 '«6«6 ) = XI ^66^66 («^[' = ^^GqKq^W = 9 

we get another 9 automorphisms [pk], with k = 1,...,9. Furthermore, as above 
(a^a^ag ,a^) = Ylr) fi^m-^m = 9 so the fusion graphs of [ag] are displayed in Fig. 
In this figure, we use straight hues for the fusion graph with [a^] whereas dashed hues for 
that with [og ]. Vertices from the neutral system ^^X^j are marked with larger dots. The 
decomposition Z| = 2Z^ is reflected by the layering of the full system as two orbits jyj^^ 
and j^X^jU^ . The full system has a C*-algebra structure (which is a weak C*-Hopf algebra 
of dimension 20, see |49j ^ as follows 

Fusion(A./A'A./) ~ Mat2 © Mat2 © Mat2 © Mat2. 



l«o] 




Figure 36: Z5, fusion graphs of [og ], where Z| = 2Z5 
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The branching coefficient matrix is 



/I 1 0\ 

1 

1 

1 

1 

1 

1 

1 

VO 1 0/ 



For the local reahstion when the dual canonical endomorphism = Aq © Ai we can 
compute the canonical endomorphism 7 using the machinery developed in Corollary 
3.19]. It is, as a sector, [7] = [id] © [02] since {af,-f) = (^Aj, Aq) = 5i,o + 5j,3- 

The full system of Zj is the same as that for Z5 (up to permutation of sectors). 



Case Z(22) 

As in the proof and notation of I6.15( the neutral system j^jX^j = {ao,ai,a^\a^^} 
is isomorphic to the quantum double of Z2. The ^Y^-chiral systems are m^m ~ 
{ao,ai,a'Q\a^\af,a^^^^}, which are actually isomorphic to 53 x Z2 as sectors. ^From 
both chiral systems we have so far eight M-M irreducible sectors. 

Now (aj^ag , aj^Og ) = "^N^^N^^Z^ .^! = 2 and moreover the dimension (of the in- 
tertwiner spaces) of Og'ag with any sector of both chiral systems vanishes. Thence the 
irreducible decomposition of a'^a^ provides us with two new M-M irreducible sectors. 
Now (a^ag , ajl'ttg ) = 3 and (ajj'ag ,a^) = (ajj'ag ,a^) = 1 and the intertwiner spaces of 
a'^ctQ with any other irreducible M-M sector vanishes. Therefore we have two more M-M 
irreducible sectors [(agOg )(*)]. So [a^Og ] = [a^^^] © [(a^Og )(^)] © [(aj|"ag )(2)]. The fuh 
system M'^m decomposes into two sheets according to Z'^22) ~ -^(22) + -^221 with six elements 
each. 

The full systems of Z = .^(32) , -^(33) , -^(23) obtained by permutations of those for 

-^(22)- 



Case Z55 

For the sufferable modular invariant Z55, the cardinality of the full M-M system is 
Tr(Z55Z55) = 9 whose fusion rules are in turn commutative [3 Corollary 6.9], and with 
global indices u>± = 6, u>o = 1- For the A'^-chiral systems, we use 

(a+, a+) = (a+a+, ao) = N^^^Z^o = N^^^ + A^^^ + N^^ = {a^,a-). 

So computing we get that j[.jX^j = {ao,af ,af} with [af] = [oq] © [af], [af] = [af] = 
[af], [a^] = [ao] © [af], [af] = [af] © [af]. Since uj± = 6, and d^± = 2 we easily conclude 

that the sectors of are ^3. Hence the sectors from m^m are 53 x 5*3 identifying the 

sectors of j^jX^j with ^3 x {1} and those from a/'^m with {1} x ^3. 
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We display the fusion the ah M-M system together with the fusion graphs of both 
[ct^] on the LHS and [af] on the RHS in Fig. 1371 In this figure, we use straight hues for 
the fusion graphs of [a^] and [af] whereas dashed hnes for those of [02] and [a^]. We 
also encircled the ^'"''-chiral sectors with small circles and with larger circles those for the 
^"-chiral system. The full system decomposes into three sheets m'^m^ m'^m'^i ^ 
according to Z^^ = 3Z55. The canonical sector of the fundamental inclusion C Af is 
[7] = [id] © [a^a^] © [a^a2 ] by [3 Corollary 3.19] because {afa^,^} = (a^ag ,7) = 1. 

We also conclude that the full system of Z44, Z45, Z54 M'^m as sectors are 53x53. 



[id] [id] 




Figure 37: Z55, fusion graphs of [af] and [af] where Z^^ = 3Z55 

Case Z22 

The global indices of j^.fX'^j and j^.fX^ are, respectively, lo± = 6 and ujq = 1. The di- 
mension of the intertwiner spaces in the ^'"'"-chiral system is obtained by = 

(a+a+ ao) = K^vO = K+K+^K' then find that ^,X+ = {ao, ap'\ap'\ 
ap'\ap'\ap'^} with [ao] = [af], [at] = 2[ao], [at] = [at] = [at] = [at^'^] © [at^\ 
[at] = [at] = [ctt^^^] © [od'^^^] © [o^e'^^^]- Since Z22 is symmetric we have m'^m~ 
{aO) "3 ) O3 '■^^ ) ' '^6 ' '^6 }• '^^^ conclude that j^^jX^ is as sectors 53. Hence 
by the global indices we have M'^m as sectors ^3 x ^3 which decomposes into six sheets of 
53 according to Z^^ = 6^22- We also have for Z = Z33, Z23, Z32 that {mXm)z - {m^m)z22- 

Case Z25 

We easily find that m^m as sectors ^3X^3, sectors 53, as sectors ^3 and 

]^X^ = {ao}. For Z = Z24, Z35, Z34 we get isomorphic full systems as for Z25. Note that 
M'^M M'^M isomorphic - indeed their cardinalities are different and moreover 

one system is commutative whilst the other is not. Thus the decompositions of the full 
system according to Z25Z25 = 3Z22 and Z25Z25 = 6Z55 are different. 
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Case Z(44) 

The global indices of ^<^^ and j^jX^j are uj± = 12 and ujq = 4 respectively. We compute 
the A'^-chiral systems and conclude that the irreducible decompositions are as follows: [ao], 
[afl [af] = [ao] [af], [4] = [af] = [af], [4] = [a^'^] [ap'^] and [ap = [a^'^] 
[a^''^^]. By the entries of the modular invariant .^(44), we see that af = ctg CKfj"^^^ = c^F 
and a^^^^ = which it will be denoted simply by a^^^ Thus ^f^M = {oio,af ,a'^^} and 

= M'^M ^ {q^3 ) '^^^i- Since Tr(ZZ*) = 9 we still have to find one more irreducible 
M-M sector in the full system, which in turn is a^a'^. In Fig. EHl we display the fusion 
graphs of [a^] and [af] whose details we omit but are similar to those for e.g. Z5. We use 
straight lines for the fusion graph with [af] whereas dashed lines for that with [03 ]. Vertices 
from the neutral system ^^^^ are marked with larger dots (similarly with the fusion graph 
of [af] drawn on the RHS of Fig. I38j) . The decomposition -Z'^44) = Z(22) + -^44 means that 

the full system can be decomposed into a six element sheet = m'^m ^ {(^3 ^'^t^^^} 

from the chiral part of Z(^22) and a further three element sheet {ag ,ag ^^\afa^} from the 
chiral part of Z44. 




The branching coefficient matrix is as in Eq. (|22|) . Therefore by the proof of Proposition 
16.151 the extended modular matrices S"^^* and T^^^ are the quantum Z2 double model. 
The full system for Z = Z(^^^^ , ^(55) , ^(54) are similar to that for ^(44) . 

Remark 6.18 It was the case with SU{2) modular invariants (which are all sufferable) 
that: 

[e]z = © ^a,a[a] 

{A: FSa=1} 

is always a dual canonical sector producing the same Z, see jl7| . So since in the quantum 
53 double case, where the Frobenius-Schur indicator FSa = 1 for all A S N'^n, we would 
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naturally ask whether Oz is a dual endomorphism reproducing the sufferable modular in- 
variant Z. However in general this no longer holds true in our current quantum ^3 double 
model as follows. Consider for example the following sectors: 

[Oz^ = [Ao] © [Ai] © [A2] © [A3] © [A4] © [As] © [As] © [A7] 

[Oz^] = [Ao] © [Ai] © [A4] © [As] © [Ae] © [A7] 

[Oz.J = [Ao] © [A3] © [As] 
Amongst these, only ^^^^ is a dual canonical endomorphism producing Zss by Proposition 
I6.1U1 The endomorphisms gives rise to inconsistent dimensions of intertwiner spaces 
(since (0A4,As) = and (^Ao,A4) = (^Ao,As) = 1), whereas 6*^^ would give a trace 6 or 
trace 9 matrix instead of 8 if it reproduced Z\. 

7 The three quantum doubles of 

There are precisely three subfactors whose principal graph is the extended Dynkin diagram 

Izumi j.SOL Page 622] has written down the modular data from the Longo-Rehren 
inclusion of these subfactors. One coincides with that from the quantum ^3 double and the 
other two lead to the following modular data : 





/I 


1 


2 


2 


2 


2 


3 






1 


1 


2 


2 


2 


2 


-3 


-3 




2 


2 


4cos[47r/9] 


4cos[87r/9] 


4cos[27r/9] 


-2 








1 


2 


2 


4cos[87r/9] 


4cos[27r/9] 


4cos[47r/9] 


-2 








6 


2 


2 


4cos[27r/9] 


4cos[47r/9] 


4cos[87r/9] 


-2 










2 


2 


-2 


-2 


-2 


4 










3 


-3 














3 


-3 




V3 


-3 














-3 


3 / 



T = diag(l, 1,<^,<^'*,V3'^, 1, 1, -1) 

where ip = exp[ib27ri/9]. All the A^-A^ sectors [Aj], i = 0, . . . , 7, are self-conjugate and 
moreover the Frobenius-Schur indicator FS^ = 1 for all A G N'^n- 

7.1 The modular invariants 

All the A-A^ sectors [Aj], i = 0, . . . , 7, are self-conjugate and moreover the Frobenius-Schur 
indicator FSa = 1 for all A G N'^n- 

The dimension of the commutant {5, T}' is 6. With a numerical search and employing 
the estimate of [HI Eq. (1.3)] we find the list of modular invariants for the above model: 



Zi = 


Ixol^ + Ixil^ + 1X2]^ + \xz? + 1X4]^ + 1X5]^ + Ixel^ + 1X7]^ 


Z2 = 


1X0 + Xil' + 2IX2I' + 21x3]' + 21x4]' + 2lxsl', 


^3 = 


IXO + X5l^ + (Xl + X5)X6 + X6(Xl + xs)* + lX7l^ 


Z4 = 


lX0+X5 + X6l^, 


^5 = 


Ixo + Xsl^ + Ixi + Xsl^ + Ixel^ + lX7l^ 


z& = 


(Xo + X5 + X6)(xo + Xl + 2x5)*, 


Z7 = 


Ixo + Xl + Xsl^ + 1X2]^ + 1X3]^ + 1X4]^ + 2lx5l^ 


Zg = 


(xo + Xl + 2x5) (xo + X5 + Xe)*, 


Zg = 


Ixo + Xi + 2X5]^- 
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The fundamental dual canonical sector is [6] = [Aq] © [A5] © [Ae] producing the trace 
3 matrix Z4. Considering the two (even) endpoints of the graph D^^ which both have 
quantum dimension equals 1 and applying Izumi's Galois correspondence j31j there exists 
an intermediate subfactor N C P C M with N C M being the above subfactor that 
produces Z4. Since the Jones index of C P is 3 and its dual canonical sector, a subsector 
of [9] must be [Oncp] = [-^o]©[-^5]- This endomorphism produces a type I modular invariant, 
of trace 6, Z^. The simple currents sector [6] = [Aq] © [Ai] is a dual canonical sector. It 
produces the trace 10 matrix Z2. Also = is sufferable by Theorem 13. 61 and so is its 
conjugate Zq. Then by the type I parent theorem Zg is sufferable as well. By the same 
type of computation used in Proposition 16.151 we can conclude that Z^ is also sufferable. 
The spectrum of G[5] is {—1'^, 2^} if a nimrep exists for Z^, but there is no graph with this 
spectrum (as was observed by Gannon HZ]). Hence we have the following classification for 

the (normalized) modular invariants ofLK{D^\w = exp(— 27ri/3)). The modular invariant 
Zj is nimless, but the modular invariants Zi, Z2, Z^, Z4, Z^, Zg, Z^ and Zg are all sufferable 
(hence nimble). We also have the fusion of sufferable modular invariants in Table ITU The 
decompositions in this table are unique. 





Zi 


Z-2 


Zj. 


Zi 


Z-, 


Z(i 


Zg 


Zg 


Zi 


Zi 


Z2 


Zi 


Zi 


Z5 


Zg 


Zg 


Zg 


Z2 


Z2 


IZ2 


Zi 


Za 


Zg 


2Zg 


Zg 


2Zg 


Zi 


Zz 


Za 


Zi+Zz, 


Zi + Zs 


Z-i+Za 


3Zi 


Za + Zg 


3Ze. 


Z4 


Zi 


Za 


Zi + Zq 


3Zg 


Zi + Z(i 


3Zg 


3Ze 


SZe 


^5 


Z5 


Zg 


Z-i + Zs 


Zi + Zg 


Zh + Zg 


3Zg 


Zg + Zg 


3Zg 


Zt, 


Z(, 


2^6 


ZZi 


3Z4 


3Z6 


6Z4 


3Ze 


eZg 


Zi 


Zs 


Zg 


Zg + Zg 


3Za 


Zg + Zg 


3Zg 


3Zg 


3Zg 


Z-3 


Zg 


2Zg 


■SZs 


3Zs 


3Zg 


6Z8 


3Zg 


6Z9 



Table 14: Fusion ZaZ^ of sufferable Di^ modular invariants 
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